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Abstract

Monte Carlo simulations arepresented for two modelsof aluminum, an embedded-

atom model and an explicit many-body model. Vapor/liquid coexistencecurvesare

determinedusingGibbsensembleMonte Carlo simulations. The normal boiling points

predicted by both modelsare somewhathigher (by about 10%) than the experimen-

tal value. Isothermal constant-stress simulations are usedto simulate solid Al from

300 K to the triple point. The solid structures are at least metastable in the FCC

con¯guration, and the speci¯c heat is determinedto be lower than the experimental

value. The melting point predicted for the embedded-atommodel determined via

thermodynamic integration along a pseudo-supercritical path is approximately 20%

higher than the experimental value.
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In tro duction

Aluminum is of technological importancenot only asa lightweight, rust-resistant

structural material but also as an ingredient for high-energyfuels and, potentially ,

as a hydrogen storagedevice.1 In many applications, e.g. the controlled growth of

Al nanoparticles, preciseknowledge of Al's thermodynamic properties such as the

saturated vapor pressureover a largerangeof temperaturesup to the critical point is

pivotal. The high-temperature thermodynamic properties of metals in general,and

Al in particular, are not known, and the present article reports computer simula-

tions performedon analytical potential models to determinesuch properties. In this

context, it becomesimperative that these analytical potential energy functions be

validated beforeapplying them for prediction of experimentally di±cult to determine

properties.

Density-functional theory (DFT) 2 is used quite extensively to predict potential

energy functions, and the PBE0 functional3 (also called PBEh) has beenshown to

provide accuratepotential energyfunctions for Al clusters.4 Recently, someof us and

coworkers5 have presented analytical potential energyfunctions that were validated

againstdensity-functional theory (DFT) results for Al clustersand nanoparticles.At

0 K, an accuratepotential function and a calculation of the zeropoint energysu±ce

to give a reasonablycomplete and accurate thermodynamic description of a clus-

ter, nanoparticle, or solid, but at ¯nite temperatures, the entropy is important in

determining thermodynamic properties, and statistical mechanical methods must be

employed.6 However, DFT is often prohibitiv ely costly for use in ¯nite-temp erature
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statistical mechanical simulations,7 and analytic potential modelsbecomeuseful. Ac-

cordingly, phaseequilibrium calculationson bulk systemswith known thermodynamic

properties provide an additional and important way to further validate the analytic

potential energyfunctions, which can then be usedto calculatebulk propertiesunder

conditionswherethey arenot well known experimentally 8 aswell ascalculating ¯nite-

temperature propertiesof largeclustersand nanoparticlesthat have beenrecalcitrant

to experimental size-selectedmeasurement.

Thus, the main aim of this manuscript is to test the applicability of two ana-

lytical potential energy functions for Al, previously validated against DFT results

at 0 K, against known experimental results such as the normal boiling point and

melting point. Previously, we calculated the vapor{liquid coexistenceproperties of

two embedded-atompotential energyfunctions and highlighted the sensitivity of the

phasediagramto the force¯eld parametrization.8 While an embedded-atompotential

¯tted to solid state data9 yieldsan unsatisfactorydescriptionof the vapor-liquid coex-

istencecurve (VLCC), another potential function ¯tted to clustersand nanoparticles

of various sizes10 gives an accuratedescription of the VLCC at lower temperatures

(where experimental data are available) and allows for the prediction of Al's critical

point.8

This manuscript is organizedas follows. First, the potential modelsthat are used

for aluminum are described. Then, the details of the simulation methodologiesused

to simulate various thermodynamic properties of Al are given. This is followed by

results and detailed discussionsof the vapor{liquid equilibria, simulations of solid
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Al structures, the solid{vapor equilibria, and the melting point. The ¯nal section

summarizesthe key conclusions.

Poten tial Mo dels for Alumin um

We explore two di®erent potential models for Al. The ¯rst is an exampleof an

embedded-atom(EAM) model.11 The total energyof a systemof N atomsinteracting

via an EAM potential is given by5;9¡ 11

U =
NX
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wherex = (r ¡ r n )=(r c ¡ rn ). The secondterm in eq 1 is a pairwise interaction given

by

Á(r ) = ¡ Á0
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·
¡ °

µ
r
r0

¡ 1
¶¸

: (6)

The parametersused in eqs1{6 are given in Table 1. Many-body interactions ap-

pear in this potential in the density-dependent term, F (½), although all terms are

functions of the set of pairwise additive distances. Thus, the potential is a function

of interpair distancesbut is not pairwise additive. This form of the EAM potential

was usedby Mei and Davenport,9 with di®erent parametersthan thosegiven in Ta-

ble 1, to calculate the melting point of Al as800§ 9 K. Recently, Jasper et. al.5 have

reparametrizedthe EAM potential for a large data set of Al cluster and nanoparticle

energies.Table1 represents the result of this reparametrization,which is calledNP-B

in Ref 5, but is simply called EAM here.

The secondAl potential that is consideredin this work is an explicit many-body

potential (EMB), also parametrized in Ref 5, where it is called NP-A. The form of

this potential is given by5

U =
X

i>j

u2(r ij ) ¡
X

i>j

u0
2(r ij )

£
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ij + f CN
ij

¤
(7)

wherethe explicit pair potentials, u2 and u0
2, are given by

u2(r ij ) = ¡ De(1 + a1Yij + a2Y 2
ij + a3Y 3

ij ) exp(¡ a1Yij ) (8)
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whereYij = r ij ¡ re and Y 0
ij = r ij ¡ r 0

e. Explicit multi-b ody terms appear through the

screeningfunction, f S
ij , and the coordination number function, f CN

ij . The screening

function is

f S
ij = tanh
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(10)
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The coordination number function is

f CN
ij = d(1 ¡ Gij ) (12)

where
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gi is the e®ective coordination number of atom i de¯ned by

gi =
X

k6= i

f g(r ik ); (14)

and the weighting function, f g is
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The parameters5 of eqs7{15 are given in Table 2. We note that the parametersfor

u2 were adjusted to ¯t data for Al 2 and a large data set including Al N clustersand

nanoparticleswith N =3 { 177was then usedto optimize the parametersfor u0
2, f S,

and f CN .5 The many-body terms weredesignedto vanish at large separations,giving
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the EMB potential the correct two-body limit. Thus, the EMB potential reproduces

the dimer binding energyvery well with an error of only 0.01 eV.5. In contrast, the

EAM potential which wasfully optimized over the entire data set, including the dimer

data, overbinds Al 2 by 0.38 eV.5 Nevertheless,the ¯tting errors measuredover the

entire data set are similar for the EAM and EMB models (0.05 eV/atom and 0.03

eV/atom, respectively).

Simulation Metho ds

Vapor-liquid coexistence. The vapor-liquid coexistencecurve is determined

usingGibbs-ensemble Monte Carlo (GEMC) simulations,12;13 employing translations,

aggregation-volume-biasMonte Carlo14 movesto sampleclusteringin the vapor phase,

volume exchanges,and con¯guration-bias Monte Carlo swaps.15;16 For the EAM po-

tential, 350 Al atoms with periodic boundary conditions are employed. The sizeof

the vapor box is adjusted such that about 50 atoms are in the vapor phase. Sincea

liquid structure is usedas the initial con¯guration, theseGEMC can be extendedto

temperaturesbelow the triple point, i.e. into a region wherethe liquid phaseis only

metastablecomparedto the solid phase.17 Averagesare collectedfor 100,000cycles

after allowing 50,000equilibration cycles.Each cycleconsistsof N moves(whereN is

the total number of atomsin the simulation boxesof the Gibbs ensemble). Evaluation

of the EAM potential scalesasN 2, whereasthat for the EMB potential scalesasN 3;

thus a smaller systemsizewas usedfor the EMB calculations. For the EMB model,

the simulation includes150 atoms, of which about 20 atoms are in the vapor phase.

For the EMB potential, 40,000equilibration cyclesare followed by 40,000production
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cyclesduring which the averagesare collected. For the EAM potential, additional

GEMC simulations were performedat the two highest temperaturesfor a systemof

800 Al atoms. As noted in our previous work,8 the e®ectof increasingthe box size

on the vapor-liquid coexistenceproperties calculated with the EAM potential was

negligible;due to its more expensive nature, such a study was not conductedfor the

EMB potential.

Perio dic solid structures. Isothermalconstant-stressMonte Carlo simulations18

are usedto explore the FCC solid for both potentials. In thesesimulations, Monte

Carlo moves allow for sampling of the cell parameters(i.e., the three lengths and

three anglesthat describe the periodic simulation cell) in accordanceto a constant

external stress,as ¯rst suggestedby Parrinello and Rahman for moleculardynamics

simulations.19;20 The initial starting structure is FCC, which has the lowest lattice

energy, and the non-cubic primitiv e cell was replicated to yield simulation boxes of

a suitable size. For the EAM potential, 392 atoms are in the simulation cell and

60,000cyclesare used; whereas252 atoms are simulated for 60,000cycles for the

EMB potential.

Solid-v apor coexistence. To determine the solid/vapor coexistencefor Al, we

chosethe starting structures to be the equilibrated constant-stressstructures gener-

ated above. The solid-slabGEMC method of Chen et al.17 was employed. Thus, a

vapor space(of the thicknessof the solid slab) wasaddedto the exposed111surface

of a solid slab on either side(thus, tripling the length of the box containing the solid

slab). Due to the addition of the vapor space,the exchangeof atoms between the
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solid structure and the secondvapor box of the Gibbs-ensemble is greatly facilitated

by allowing the exchangeto occur from the surfaceof the solid slab.17 The sizeof the

vapor box is chosensuch that about 10-15%of the atoms are in the vapor box.

Melting poin t. To determine the melting point, thermodynamic integration21

along a pseudo-supercritical path is performed. In this method,22;23 the averagevol-

umes of the two bulk phases(Vliq and Vsol, in the caseof melting) are determined

using isothermal-isobaricsimulations at the melting pressureof interest (usually 1

atm) and a temperature at which both phasesare (meta)stable. Subsequently, the

Helmholtz free energy di®erencebetween the two phasesat their averagevolumes

is calculatedvia thermodynamic integration along a pseudo-supercritical path. This

path is divided into three distinct stages. Only a brief description is given here,

further details are available elsewhere22 and 23. In stage A, the liquid is trans-

formed into a weakly attracting °uid at a systemvolumeVliq . Accordingly, a seriesof

canonicalensemble simulations areperformedin which the strength of intermolecular

interactions is gradually scaleddown. In stageB, the intermolecular interactions are

kept at their scaled{down values,and an external potential that acts at the lattice

sitesof an orderedsolid is gradually turned on. The form of this external potential is

Gaussian(ae¡ br2
; as in the original references,with a = 3:45 eV and b= 0:76 ºA

2
; the

valuesof a and b are somewhatarbitrary, but result in gradual ordering of the atoms

into a lattice as the external potential is turned on). Additionally , the volume is also

changedfrom Vliq to Vsol in this stage. In the ¯nal stageC, the external potential

is gradually turned o®, and the full intermolecular potential is gradually restored.
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Thus, at the end of stageC, a regular bulk solid phaseis obtained. The Gibbs free

energydi®erencebetweenthe the liquid and the solid phaseat the particular state

point (given by T and p) is obtained as

¢ G(T; p) ´ Gliq ¡ Gsol = ¢ F ex
A + ¢ F ex

B + ¢ F ex
C + ¢ F id + p(Vliq ¡ Vsol) (16)

whereF ex
i is the di®erencein excessHelmholtz freeenergiesat the beginningand the

end of stagei calculated from thermodynamic integration, and F id is the ideal part

that is calculatedanalytically (and equalsRT ln(½s=½l), where½s is the density of the

solid at the given T and p, and ½l is the liquid density under the sameconditions).

A system size of 256 atoms with periodic boundary conditions was used. In

addition to the liquid box, the solid box is also cubic with an FCC structure. For

each stage,thermodynamic integration is performedusing20{30points (with a higher

point density in the region where the integrand is rapidly varying). Once the Gibbs

freeenergydi®erenceis calculatedat a given T and p, it is evaluated at other T using

multiple-histogram reweighting24 for each bulk phase.

Results and Discussion

Vapor liquid equilibria. The vapor-liquid coexistencecurve (VLCC) for the

EAM potential is obtained for a temperature range from 1100to 5250K. At lower

temperatures, the particle exchange moves are very ine±cient. For the EMB po-

tential, the VLCC is investigated between 1200 and 5500 K. Figure 1 shows the

temperature-density phasediagram for liquid{v apor coexistencewith diamonds for

the EAM potential and circles for the EMB potential. The open symbols represent
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the GEMC results, whereasthe ¯lled onesare the critical points obtained by the

method discussednext.

As noted in our previouswork, two di®erent methodsareusedto obtain the critical

properties. In the ¯rst method, the critical temperature is obtained from the scaling

law21

½l ¡ ½v » (Tc ¡ T)¯ (17)

where ½l and ½v are the liquid and vapor coexistencedensities, respectively, Tc is

the critical temperature, and the scalingcoe±cient ¯ is the critical exponent 25 with

a value of 0.325. Additionally , the critical density ½c is obtained from the law of

rectilinear diameters21

½l + ½v

2
= ½c + A(T ¡ Tc) (18)

whereA is a slope obtained by ¯tting. The secondmethod usesadditional terms in

the scalingand rectilinear laws to account for deviationsfrom corresponding states.30

As in our previouswork,8 simulated temperaturesabove the normal boiling point

were used in the ¯ts to obtain the critical properties. The average value of the

critical temperature for the EAM potential from the two methods is 6299§ 48 K, and

the critical density is 707§ 60 kg/m 3. Critical properties for the EMB potential are

obtained, in the mannerdescribedabove,asTc = 7075§ 45K and ½c = 538§ 8 kg/m 3.

As comparedto the VLCC of the EAM potential, the VLCC of the EMB potential

shows a lower saturated liquid density at low and intermediate temperatures,but the

curves crossat about 5500K. Moreover, the vapor coexistencedensitiesare higher

for the EAM potential. This results in a higher Tc for the EMB potential.
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The normal (i.e., 1 atm) boiling temperature, Tb, is usually obtained from the the

simulations using the Clausius-Clapeyron equation31;32

d ln pv

d(1=T)
= ¡

¢ H lv

R
(19)

where pv is the vapor pressure(= ½vRT), and ¢ H lv is the heat of vaporization.

However, the form of the EAM potential doesnot permit a straightforward calculation

of the pressurevia the virial route?? becausealthough the forceon a given atom can

be computed, this force cannot be decomposedsimply into pairwise additive terms.

To overcome this problem, an alternate method that utilizes the thermodynamic

de¯nition of pressureis used,26

p = pid ¡
¿

@U
@V

À
(20)

where pid is the ideal-gascontribution to the pressure,U is the potential energyof

the system, and the averaging is done in a system with ¯xed volume (such as a

canonicalensemble). Accordingly, additional N VT simulations are performedat the

averageGEMC vapor densities, and the pressureis calculated using eq 20. For a

given con¯guration in the canonical ensemble simulations, @U=@V is calculated by

performing small test volume changes.26

The resulting plot of pv as a function of 1=T for four values of vapor pressure

closestto 1 atm is shown in Figure 2 for both the potentials. The experimental data

is depicted by the solid line. The temperature corresponding to pv = 1 atm gives

Tb = 2993§ 8 K. Comparedto the experimental normal boiling point of 2792K, 27

the EAM potential overestimatesTb for Al by about 7%. For the EMB potential, a
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similar procedureyields Tb to be 3097§ 9 K. Thus, comparedto the moreexpensive

EMB potential, the EAM potential gives a slightly better estimate of the normal

boiling point. However, a reliable value of the experimental Tc is unavailable8 to

make similar comparisonof the two Al potentials for a wider range of the vapor-

liquid coexistence.

Constan t-stress simulations. Constant-stresssimulations for the face-centered

cubic (FCC) solid are performedat 1 atm and several di®erent temperaturesfor the

EAM potential. Although the experimental melting point of Al is 933.5 K, 27 the

structures are at least metastableascrystalline solidsup to at least 1250K. Figure 3

depicts the orientational order parameter,Q6,28;29 asa function of the number of MC

cyclesfor 900 K, 1250K, and 1300K. In calculating Q6, the neighbors as de¯ned

as pairs of atoms that are closer than the ¯rst minimum in the radial distribution

functions. For a crystalline solid, Q6 is approximately 0.5, and it approachesa value

of 0 in the thermodynamic limit for a homogeneousliquid.29 From the valuesof Q6

in Figure 3, it is clear that the structures remain crystalline at 900 and 1250K. On

the other hand, as the simulation proceedsat 1300 K, the starting structure loses

its crystallinit y. For comparison,instantaneousdensity pro¯les (after 60,000cycles)

for the EAM potential are shown for 1300K, 1250K, and 900K in Figure 4. These

density pro¯les are collectedin bins of width 0.25ºA. In each ¯gure, z is the direction

perpendicular to the 111 plane. Thus, the spikes in the density pro¯les at 900 K

(panel (c)) and 1250K (panel (b)) indicate a solid-like structure with the atoms on

setsof parallel 111 planes. The spacingbetweenthe spikes is approximately 2.8 ºA,
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corresponding to the lattice spacingbetweenadjacent Al atoms. Upon increasingthe

temperature to 1250K, the density spikes broaden, as expected. However, at 1300

K, the density pro¯le indicates the onsetof melting.

For 900 K, the layered structure is shown in more detail in Figure 5; the ABC

stacking representativ eof the an FCC lattice canbeclearly seen.This FCC stacking is

maintained for all the solid structures. It shouldbe pointed out that the preservation

of the FCC structure doesnot imply that the FCC structure is the most stable one.

It doesindicate, however, that the FCC structure is probably at least metastable.

Table 3 shows the densitiesand enthalpies of the solid structures as functions of

temperature. At 300K, the density of EAM Al is almost identical to the experimen-

tal density of aluminum (at 293K, the experimental density is 2.69927 g/cm3). Also,

sinceall the simulations are performed at 1 atm, the speci¯c heat, Cp = (±H=±T)p

can be evaluated. The ¯lled circles of Figure 6 depict the enthalpies as a function

of temperature. Given the wide range of T simulated, it is unlikely that Cp can be

approximated as a constant; this is con¯rmed by the nonlinearity of the enthalpy-

temperature plot in Figure 6. However, the enthalpy can be well approximated by a

quadratic ¯t, and, asexpected,the speci¯c heat is an increasingfunction of tempera-

ture. From a quadratic ¯t to the data, the speci¯c heat is estimatedto be 15.2§ 0.4

J/mol K at 300K and 19.6§ 0.6 J/mol K at 900K. Comparedto the experimental

values27 of 24.2 and 32.6 J/mol K at 300 and 900 K, respectively, the heat capacity

for the EAM potential is smaller by about 40%at both temperatures.

For the EMB potential, oneconstant-stresssimulation at 1000K was performed.
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As alsoobserved for the EAM potential, the FCC structure for the EMB potential is

at least metastableat 1000K and has an enthalpy of ¡ 315:2 kJ/mol. This is larger

by about 1 kJ/mol than the enthalpy value for the EAM potential at 1000K. The

reverse is observed for the enthalpies of the liquid phasesfor the EMB and EAM

potentials at 1200K.

Solid-v apor equilibria. As outlined earlier, the solid structuresgeneratedalong

the 111 surfaceare surroundedby vapor, and solid-slabGEMC simulations are per-

formed to calculate the solid/vapor coexistence.At lower T (below 950K) there are

a few to no particle exchangemovesbetweenthe solid slab and the vapor boxes. The

orientational order parameter,Q6, is shown asa function of the number of MC cycles

for two di®erent temperatures in Figure 7. At 1075K, the value of Q6 shows that

the system is a crystalline solid throughout the entire length of the simulation. In

contrast, the structure at 1100K melts, resulting in a lower value of Q6. Sincethe

current systemis in solid/vapor equilibrium, the pressureon the solid structure is the

vapor pressureof EAM Al at that temperature, in contrast to the above constant-

stresssimulations at 1 atm. However, for this range of pressure,the solid structure

is still FCC at 1075K, as can be seenin Figure 8 wherethe atoms in three adjacent

layersare shown by di®erent symbols (similar to Figure 5).

The temperatureat which the solid slabmelts, i.e., 1100K, canbecontrasted with

the temperature of 1250K mentioned above for which the periodic solid structures

(without solid/vapor interface in the simulation box) are at least metastable. The

presenceof a solid/vapor interface allows for surfacemelting to occur and the free
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energybarrier from the solid to the liquid phaseis greatly lowered.

Figure 9 shows the Clausius-Clapeyron plot for the solid{vapor coexistenceas

closedsymbols and the dashedline represents the best ¯t. On the samegraph, the

open circles denote the vapor{liquid coexistenceresults obtained above. Because

of the very low coexistencevapor density, the vapor pressurefor the solid{vapor

coexistenceat a givenT is obtainedby treating the vapor phaseasan idealgasinstead

of performing additional N VT simulation at averagevapor density (as in the caseof

vapor/liquid coexistence).The triple point can, in principle, be determinedfrom the

intersection of the sublimation and the boiling vapor pressurelines on such a plot.

However, the slopes of the Clausius-Clapeyron plot for the solid-vapor coexistence

are almost identical to the slope of the liquid-vapor coexistence. This prevents an

accuratedetermination of the triple point for the EAM potential using this method.

An additional issuethat arisesin such solid-slab simulations is whether the slab is

thick enough to allow for an interior region with bulk properties becausesurface

relaxation and melting can be observed for slabs.17 E®ectsof the slab thicknesswere

not exploredin this work becauseof the very small heat of fusion. Thus, asdescribed

in the following section,the melting point is obtained using a di®erent route.

Melting Poin t. Isobaric-isothermalensemble simulations at 1100K and 1 atm

with the EAM potential yield a box length of 16.823ºA for the cubic liquid box con-

taining 256 atoms, and a length of 16.553ºA for the cubic FCC solid box with 256

atoms. Using thesetwo volumesfor the bulk condensedphases,explicit thermody-

namic integration is performed at 1100 K yielding ¢ F ex
A = 256:26 § 0:02 kJ/mol,
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¢ F ex
B = ¡ 294:09 § 0:05 kJ/mol, and ¢ F ex

C = 37:21 § 0:04 kJ/mol. The error in

thesevaluesaredue to uncertainties in the valuesof the integrand at each integration

point, and do not represent the errors due to the discrete nature of the integration

itself. Using these values in eq 16, we ¯nd that ¢ G(1100 K, 1 atm) = 0.19§ 0.11

kJ/mol. Accordingly, the solid phaseis more stable than the liquid phaseat 1100K

and 1 atm, and the normal melting point of EAM Al is higher than 1100K.

Multiple histogram reweighting simulations in the isobaric-isothermalensemble

for each bulk phasewere performed at 4 di®erent temperatures (1080, 1100, 1120,

and 1140 K) and 1 atm. Figure 10 shows the Gibbs free energies(relative to the

respective values at 1100 K) for both the solid and the liquid phases. It must be

noted herethat the referencevaluesfor freeenergiesfor the two phasesare di®erent,

and the purposeof Figure 10 is to highlight that the free energyof the solid phase

decreasesmore rapidly than that of the liquid phase.Combining Figure 10 with the

valueof ¢ G(1100K, 1atm) givenabove, yieldsFigure 11,which depictsthe di®erence

in Gibbs free energiesof liquid and the solid phaseas a function of T. The ¯gure

shows that ¢ G(T,1atm) changessign at 1122K. Thus, the normal melting point of

EAM Al is 1122§ 13 K, wherethe error bar is basedon the uncertainty of ¢ G(1100

K, 1atm). This is higher than the experimental value of 933 K by approximately

20%.

For the moreexpensive EMB potential, explicit thermodynamic integration is not

performedto determinethe melting point. However, the similarities of the enthalpies

for the solid and liquid phasesat 1000and 1200K, respectively, obtainedfor the EMB
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and EAM potentials (seeabove) give an indication that the EMB potential would

lead to a similar overestimation of the melting point.

The e®ectof pressureon the melting point wasstudied by a similar procedurefor

two di®erent pressures.In one case,explicit thermodynamic integration, performed

at 1000K and 5.9£ 10¡ 10 atm (vapor pressureof the liquid at 1100K, as obtained

from GEMC simulations), yields ¢ G to be 1.17§ 0.12 kJ/mol. In combination with

multiple histogram reweighting (at 1000K, 1040K, 1070K, 1100K, and 1140K and

at the given pressure)the melting point at the above stated pressureis obtained as

1132§ 15 K. This value is statistically the sameas that at 1 atm. In the secondcase,

explicit thermodynamic integration is performed at 1100K and at 10000atm; ¢ G

is then calculated to be 0.99§ 0.10 kJ/mol. Multiple histogramsat 1050K, 1100K,

1150K, and 1200K result in a melting point of 1215§ 13 K. Accordingly, an increase

in pressureto valuesencountered inside Earth's crust leadsto a signi¯cant increase

in the melting point.

Vocadloand Alfe33 and Alfe et al.34 calculatedthe melting curveof Al for pressures

(up to 150 GPa) using ab initio molecular dynamics simulations. They calculated

the liquid-phase free energy by constructing a thermodynamic reversible path to a

Lennard-Jones°uid (and subsequently using the Lennard-Jonesequation of state of

Johnson et al.35). The free energy of the solid was computed by referencingto a

harmonic crystal. As in the current work, a signi¯cant increasein melting point was

observed with an increasein pressure.33;34 Further, the slope of the melting curve was

calculatedto be approximately 80 K/GP a,33 a value that agreeswell with the current
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work (an increasein the melting point of approximately 100 K with an increasein

pressureby » 1 GPa).

The form of the EAM potential for Al is sameas the original Mei-Davenport

embedded-atom(MDEAM) potential 9 for Al that is parametrizedto bulk solid-state

data. Thusa comparisonof the resultsobtainedwith EAM potential to thoseobtained

with their original parameters(calledthe MDEAM potential) is helpful in determining

the e®ectfor parameterizingpotentials not only to match bulk solid-state data but

alsoto reproduceaccurateenergiesof clustersand nanoparticlesof varioussizes(from

dimer to bulk). Mei andDavenport calculateda valueof 800K for the melting point of

the MDEAM potential; this underestimatesthe experimental value by 14%,whereas

the present value of 1122K is a 21%overestimate. In a previousstudy, we reported

that the MDEAM potential dramatically underestimatesboth the boiling point and

the heat of vaporization.8

Conclusions

The thermodynamic properties of Al are calculated for two nonpairwise-additive

potentials. Vapor-liquid equilibria aredeterminedusingGibbs-ensemble Monte Carlo.

The more expensive EMB potential shows a lower saturated vapor density than the

EAM potential for a wide range of temperatures. Accordingly, the critical temper-

ature of the EMB potential is higher than that of the EAM potential. From the

vapor pressures,the normal boiling point is determined for both the potentials. In

accord with the higher value of the critical temperature, the normal boiling point

of the EMB potential is higher than that for the EAM potential. In turn, both the
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potentials overestimatethe experimental normal boiling point.

Constant-stress simulations in the solid phaseshow that the FCC structure re-

mains stable over a range of temperatures and that the density of Al at ambient

conditions using the EAM potential is very close to the experimental value. The

speci¯c heat of the solid phaseincreaseswith the temperature, and is lower than the

experimental value. Solid-slab Gibbs ensemble simulations are performed to deter-

mine the solid-vapor coexistenceof the EAM potential. For this purpose,the 111facet

of the FCC structure is exposedto the vapor phase. Comparedto a periodic solid

(without any vapor phasesurrounding it) of the constant-stresssimulations, surface

melting results in a signi¯cantly lower melting temperature. However, an accurate

determination of the triple point using the vapor pressureversustemperature plot is

precludedby almost identical enthalpies of vaporization and of sublimation. Ther-

modynamic integration alonga pseudo-supercritical path givesa valueof the melting

point of EAM Al as1122K that is approximately 20%higher than the experimental

value.

This study highlights the e±cacy of analytical potentials parametrizedto repro-

duceaccurateDFT energiesfor clustersof varioussizes5 in making usefulpredictions

of bulk thermodynamic phasebehavior. While an earlier embedded-atommodel by

Mei and Davenport9 yieldsvery inaccurateresultsfor dimersand smallerclustersthat

results in a signi¯cant error for the vapor{liquid coexistencecurve dueto formation of

dimers in the vapor phase8, the present EAM potential yields signi¯cantly improved

binding energiesfor smaller clusters,a small fraction of aggregatesin the saturated
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vapor phase,and hence,a fairly accurateheat of vaporization and boiling point. The

more expensive EMB potential yields similar results for the vapor{liquid coexistence

curve, but its functional form is more physical, and it performsbetter than EAM for

small clusters.
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Figure 1: Vapor-liquid coexistencecurvesfor the EAM (diamonds)and EMB (circles)

potentials. The corresponding closedsymbols represent the respective critical points.
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Figure 2: Clausius-Clapeyronplot for the EAM and the EMB potentials. The dashed

line through each set is a least squares̄ t.
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Figure 3: Instantaneousorientational order parameterasa function of MC cyclesfor

bulk structures at three di®erent temperaturesobtained from constant-stresssimula-

tions at 1 atm. All simulations werestarted from the fcc structure.
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Figure 4: Bulk density pro¯les along the direction perpendicular to the 111 plane

obtained from constant-stresssimulations for the EAM Al potential at a pressureof

1 atm and three di®erent temperatures.
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Figure 5: Stacking of the atoms in three adjacent 111planesat 900K obtained from

the constant-stresssimulations for bulk periodic systems.The open circlesrepresent

the ¯rst layer, the gray diamondsare in the secondlayer, and the black triangles are

in the third layer.

29



-326

-322

-318

-310

-306

 200  400  600  800  1000  1200  1400

-314

-330

PSfrag replacements

T (K)

H
s

(k
J/

m
ol

)

Figure 6: Enthalpy of the bulk fcc solid as a function of temperature for the EAM

potential at 1 atm. A quadratic ¯t is shown by the dashedline with H s = ¡ 330:8 +

0:0130T + 3:644£ 10¡ 6T2.
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Figure 7: Instantaneousorientational order parameterasa function of MC cyclesfor

structures at two di®erent temperaturesobtained from solid-slabsimulations.
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Figure 8: Stacking of the atoms on on three adjacent 111 planesat 1075K for the

solid-slabsimulation. Symbols as in Figure 5.
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Figure 9: Clausius-Clapeyronplot for the solid-vapor coexistencefor the EAM poten-

tial represented by the closedcircles. The dashedline is the best ¯t to the sublimation

pressureand the open circlesare the liquid{v apor data.
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Figure 10: Gibbs freeenergy(relative to the Gibbs freeenergyat 1100K and 1 atm)

for both the FCC solid and the liquid phasesof EAM Al asa function of temperature.
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Figure 11: Di®erencein the Gibbs free energiesof the liquid and the solid phasesas

a function of temperature at 1 atm.
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Table 1: Parametersfor the embeddedatom (EAM) potential.

Constant Value Unit

Ec 2.8336616280 eV

Á0 0.209474578 eV

r0 2.759835989 ºA

® 4.953631991

¯ 5.202672172

° 5.824302949

± 8.968682037

c(1) 0.433294196

c(2) -7.305279256

c(3) 29.818956621

c(4) -54.437991632

c(5) 48.412067298

cc(6) -15.525225110

s(1) 6.927645227

s(2) 3.861172975

s(3) 15.498062621

rn 1.75r0 ºA

r c 1.95r0 ºA
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Table 2: Parametersfor the explicit many-body (EMB) potential.

Constant Value Unit Constant Value Unit

De 1.71013678553981441 eV r e 5.08182706399609163 ºA

a1 1.24074255007327805 ºA
¡ 1

a2 0.551880801172447422ºA
¡ 2

a3 0.129970688812896917ºA
¡ 3

au2 0.143243771372740580

bu2 6.5 ºA · 1 4.24002677622442103

· 2 0.117656503960960862 · 3 4.78063179546451522

au23 1.63973192904916298 ° 1 0.708483373073205747

d 1.13286279334603357 ° 0.663930057862113232

g0 8.54498572971970027 ° 2 5.39584023677170066 ºA

D 0
e 1.42526928794948882 eV r 0

e 4.87735706664722812 ºA

a0
1 1.20666644170640880 ºA

¡ 1
a0

2 0.728296669115275908ºA
¡ 2

a0
3 0.215461507389864804ºA

¡ 3
au2b 0.138211749991007299

bu2b 6.5 ºA
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Table 3: Solid densitiesand enthalpies for di®erent temperatures.

T (k) Density (g/cm 3) Enthalpy (kJ/mol)

300 2.7001 -326.540

500 2.6711 -323.361

700 2.6322 -319.863

900 2.5833 -316.165

950 2.5701 -315.101

1000 2.5521 -314.083

1050 2.5401 -313.073

1100 2.5291 -312.012

1150 2.5101 -310.992

1200 2.5000 -309.963

1250 2.4832 -308.773
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