
Construction of a generalized gradient approximation by restoring the
density-gradient expansion and enforcing a tight Lieb–Oxford bound

Yan Zhaoa� and Donald G. Truhlarb�

Department of Chemistry and Supercomputing Institute, University of Minnesota, 207 Pleasant Street, S.E.
Minneapolis, Minnesota 55455-0431, USA

�Received 26 February 2008; accepted 27 March 2008; published online 14 May 2008�

Recently, a generalized gradient approximation �GGA� to the density functional, called PBEsol, was
optimized �one parameter� against the jellium-surface exchange-correlation energies, and this, in
conjunction with changing another parameter to restore the first-principles gradient expansion for
exchange, was sufficient to yield accurate lattice constants of solids. Here, we construct a new GGA
that has no empirical parameters, that satisfies one more exact constraint than PBEsol, and that
performs 20% better for the lattice constants of 18 previously studied solids, although it does not
improve on PBEsol for molecular atomization energies �a property that neither functional was
designed for�. The new GGA is exact through second order, and it is called the second-order
generalized gradient approximation �SOGGA�. The SOGGA functional also differs from other
GGAs in that it enforces a tighter Lieb–Oxford bound. SOGGA and other functionals are compared
to a diverse set of lattice constants, bond distances, and energetic quantities for solids and molecules
�this includes the first test of the M06-L meta-GGA for solid-state properties�. We find that
classifying density functionals in terms of the magnitude � of the second-order coefficient of the
density gradient expansion of the exchange functional not only correlates their behavior for
predicting lattice constants of solids versus their behavior for predicting small-molecule atomization
energies, as pointed out by Perdew and co-workers �Phys. Rev. Lett. 100, 134606 �2008�; Phys.
Rev. Lett. 80, 891 �1998��, but also correlates their behavior for cohesive energies of solids, reaction
barriers heights, and nonhydrogenic bond distances in small molecules. © 2008 American Institute
of Physics. �DOI: 10.1063/1.2912068�

I. INTRODUCTION

Since the birth of Kohn–Sham density functional theory
�DFT�,1 the local spin density approximation �LSDA� and
generalized gradient approximation �GGA� have been widely
applied in solid-state physics,2 with the most popular GGA
being that of Perdew, Burke, and Ernzerhof3 �PBE�. Al-
though hybrid functionals4–7 �which include Hartree–Fock
exchange� and meta-GGAs �Refs. 7–11� �which include spin
kinetic energy density8,12� have also been developed and
have been popularly and successfully applied in molecular
quantum chemistry during the past decade, they are not
widely used in solid-state physics, and very few solid-state
codes have the capability of performing calculations with
meta-GGAs or hybrid functionals. In the present work, we
focus on the development of an accurate GGA for solids. We
will, however, also include some molecular properties and
meta-GGAs in our discussion in order to provide perspec-
tive.

Some modifications of the popular PBE functional such
as RPBE �Ref. 13� and revPBE �Ref. 14� improve the atomi-
zation energies of molecules but worsen the results for lattice
constants.15 Some other modifications of PBE, such as the
Wu-Cohen,16 PBE�,15 and PBEsol17 functionals, improve
the results for solids but worsen the performance for atomi-

zation energies. The recent work of Perdew and
co-workers17,18 showed that it is impossible for a GGA to
perform well for certain pairs of properties, e.g., both for
molecular atomization energies and for lattice constants of
solids.

Some of these results can be rationalized in terms of the
gradient expansion of the exchange and correlation func-
tional, but before considering this, it is worthwhile to remind
ourselves that a GGA is, by definition, a functional of only
the up and down spin densities and the magnitudes of their
gradients. This is a very restrictive form �chosen more for
convenience than for fundamental reasons�, and it can be
shown that a GGA cannot be exact, in general, for either
exchange or correlation.19 Furthermore, the second-order ex-
pansion of the GGA with best performance for one or more
selected properties need not be the same as the �known�
second-order expansion of the �unknown� true density func-
tional even in its region of applicability. Consistently with
this perspective, Perdew et al.17 have shown that accurate
atomic exchange energies �important for atomization ener-
gies of molecules� require violating the gradient expansion
for slowly varying densities �important for solids�. In the
recent PBEsol model, Perdew et al.17 restored the gradient
expansion for exchange but violated the gradient expansion
for correlation by fitting a parameter in the correlation func-
tional for the jellium exchange-correlation �XC� surface en-
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ergy. In the GGA developed in the present work, we enforce
a complete restoration of the gradient expansion for ex-
change and correlation.

One of the parameters in the PBE exchange functional3

was determined by enforcing the Lieb–Oxford20 bound. The
Lieb–Oxford bound is an upper limit on the ratio � of the
exact exchange-correlation energy of a system to the value of
the LSDA approximation to the exchange energy of the sys-
tem �both of the values being ratioed are intrinsically nega-
tive�. Recently, Odashima and Capelle21 examined the value
of � for a number of atoms, ions, and molecules, one solid,
and some model Hamiltonians. Their work suggests that the
Lieb–Oxford bound could be substantially tightened. In the
GGA developed in the present study, we enforce a tighter
Lieb–Oxford bound. Csonka et al.22 have, in fact, explored
the effect of more tightly bounded exchange. The present
study incorporates a tighter Lieb–Oxford bound on a GGA
that in other respects restores theoretically preferred behavior
that had been violated on the basis of the perceived require-
ments of competing practical concerns.

Another subject of the present work is to assess the per-
formance of the M06-L10 density functional for the predic-
tion of lattice constants of solids. M06-L is a meta-GGA and
it has been shown6,7,10,23 to give good performance for many
applications in chemistry, and it is useful to know its perfor-
mance for solids.

This paper is organized as follows. Section II describes
the new GGA, and Sec. III gives the computational details of
the new calculations performed for this study. Section IV
presents results and discusses them, including a survey of the
performance of LSDA, eight GGAs �including the new one
presented in this article�, and two meta-GGAs �including
M06-L� for several databases of lattice constants and cohe-
sive energies of solids, bond distances and atomization ener-
gies of molecules, barrier heights of chemical reactions, and
the exchange energy and total energy of helium atom. Sec-
tion V concludes this article.

II. THEORETICAL BACKGROUND

II.A. GGA exchange and correlation

Let n↑ and n↓ be the up-spin and down-spin electron
densities. The exchange energy Ex for a spin-polarized sys-
tem �n↑�n↓� may be evaluated from the exchange functional
for a spin unpolarized system �n↑=n↓� by using the spin-
scaling relation,24

Ex�n↑,n↓� = Ex�2n↑�/2 + Ex�2n↓�/2, �1�

where Ex�n��Ex�n /2,n /2�. Thus, we only need to approxi-
mate the exchange energy Ex�n� of a spin-unpolarized sys-
tem. In the GGA framework, the exchange energy can be
written as

Ex
GGA�n� =� n�x

LDA�n�Fx�s�d3r , �2�

where n is the electron density �n=n↑+n↓�, s
= 	�n	 / �2�3�2�1/3n4/3� is the dimensionless reduced gradient,
�x

LDA�n�=−3 /4�3 /��1/3n1/3 is the exchange energy density
per particle for a uniform electron gas �UEG�, and Fx�s� is

the exchange enhancement factor. The second-order density
gradient expansion �DGE� of Fx�s� is25

Fx
DGE = 1 + �GEs2 + ¯ �s → 0� , �3�

where �GE=10 /81=0.123 46. Perdew and co-workers17,18

showed that obtaining the accurate exchange energy of neu-
tral atoms requires �
2�GE as was used3 in the PBE ex-
change functional �and in many functionals popular in chem-
istry�.

The enhancement factor for the PBE �Ref. 3� and PBE-
sol �Ref. 17� exchange functionals is

Fx
PBE = 1 + ��1 −

1

1 +
�s2

�
� . �4�

The parameter � is set to 0.219 51 in PBE; this was chosen3

to make the second-order exchange term cancel the second-
order correlation term because the LSDA was believed to be
more accurate than the low-order gradient expansion for
small s. Note that this choice of � in PBE exchange dis-
agrees with the second-order term in Eq. �3�. In the PBEsol
�Ref. 17� exchange functional, � is restored back to �GE to
recover the second-order DGE. The parameter � is set to
0.804 in PBE and PBEsol, which is a sufficient but not
necessary14 condition to ensure satisfaction of the Lieb–
Oxford bound,20

Ex�n↑,n↓� � Exc�n↑,n↓� � �LOEx
LDA�n� , �5�

where Exc�n↑ ,n↓� is the exchange-correlation energy and
�LO=2.273.

For a spin-unpolarized system, the gradient expansion of
the correlation energy of a GGA that satisfies the UEG limit
is

Ec
GGA�n� =� n��c

LSDA�n� + �ct
2 + ¯ �d3r , �6�

where �c
LSDA�n� is the correlation energy per particle of the

UEG, �c is a coefficient, and t= 	�n	 / �4�3 /��1/6n7/6� is the
appropriate reduced density gradient for correlation. The
value of �c for the slowly varying high-density limit was
obtained by Ma and Brueckner26

�c
GE = lim

n→	
�c = �MB = 0.066 725. �7�

In the PBE correlation functional, the gradient expansion
is respected, i.e., �c

PBE=�c
GE=0.066 725, whereas in PBEsol,

�c
PBEsol is chosen to be 0.046, which is fitted to TPSS �Ref. 9�

exchange-correlation energies for a jellium surface. Note that
this choice of �c

PBEsol violates both the gradient expansion of
correlation �Eq. �7�� and the PBE choice of cancelling the
second-order terms in the DGE for exchange and correlation,
which requires3,17

�c =
3�GE

�2 = 0.037 526. �8�

184109-2 Y. Zhao and D. G. Truhlar J. Chem. Phys. 128, 184109 �2008�

Downloaded 30 Jun 2008 to 160.94.96.168. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp



II.B. The second-order GGA density functional

In the present study, we develop a GGA functional called
SOGGA �second-order GGA�, for which we enforce a com-
plete restoration of gradient expansion for both exchange and
correlation to the second order. In order to satisfy these ob-
jectives, we require a more flexible functional form of the
exchange GGA. For this purpose, we build on previous
work3,13,14,27 that has led to useful functional forms for the
exchange functional, and the reader is referred to the previ-
ous work for the justifications of these forms, which are,
however—in a final analysis—quite arbitrary since the
known constraints on the functional form of the exchange
energy leave quite a bit of flexibility. For our purposes, al-
though it is sufficient to take the SOGGA exchange enhance-
ment factor as a half-and-half mixing of the PBE �Ref. 3�
and RPBE �Ref. 13� exchange functionals

Fx
SOGGA = 1 + ��1 −

1

2

1

1 +
�s2

�

−
1

2
e−�s2/��; �9�

we choose �=�GE to respect the gradient expansion for ex-
change �i.e., Eq. �3��. The parameter � in SOGGA is deter-
mined by enforcing a tighter Lieb–Oxford bound,

Ex�n↑,n↓� � �tLOEx
LDA, �10�

where the parameter �tLO=1.9555, which is the largest value
found in the recent work of Odashima and Capelle.21 Equa-
tion �10� will be satisfied if the spin-polarized enhancement
factor, 21/3Fx�s /21/3�, gradually grows with s to a maximum
value less than or equal to �tLO,3 i.e.,

21/3Fx�s/21/3� 
 1.9555 �11�

or

� 
 1.9555/21/3 − 1 = 0.552. �12�

We choose �=0.552 according to Eq. �12�.
We used the PBE correlation functional in SOGGA be-

cause the PBE correlation functional respects the gradient
expansion for correlation. Thus, unlike PBE or PBEsol �or
any other GGAs known to us�, the SOGGA functional com-
pletely restores the gradient expansion for both exchange and
correlation through second order.

III. COMPUTATIONAL DETAILS

The SOGGA functional is designed for solids, so we
primarily focus on assessing its performance for calculating
lattice constants of solids. First, we test SOGGA against a set
of equilibrium lattice constants of 18 solids compiled by
Staroverov et al.,28 including four main-group metals �Li,
Na, K, Al�, five semiconductors �C, Si, SiC, Ge, GaAs�, five
ionic solids �NaCl, NaF, LiCl, LiF and MgO�, and four tran-
sition metals �Cu, Rh, Pd, and Ag�; we label this database of
18 solid-state lattice constants SSLC18. We used the local-
ized Gaussian basis sets tabulated in Table II of Ref. 28 for
these 18 solids. We also calculate the cohesive energies of
eight solids �C, Si, SiC, Ge, NaCl, NaF, LiCl, and LiF� fol-
lowing the procedure in Ref. 28; this 2004 database of eight
solid-state cohesive energies is called SSCE8.

The third test is a ferroelectric material PbTiO3, which
has perovskite structure and which is of interest for applica-
tions in electronics. The basis sets we used for Pb and Ti are
a combination of the LANL effective core potential29 with
the Gaussian-type basis sets from Ref. 30.

We also tested the functionals for the lattice constants of
graphite and graphitic BN. We used the 6-31G�d� basis set
for these two solids.

For the SSLC18 database, we used two atoms per unit
cell with 12 000 k points for metal solids and 1000 k points
for others. The solid-state calculations are not spin-polarized.

In addition to the solid-state tests, we performed some
new calculations for molecules, transition states, and the he-
lium atom. These calculations all used the MG3S basis set,31

and all electrons were included �no effective core potentials�.
The geometries of all molecules and transition states in the
AE6 and BH6 databases32 were optimized at QCISD/MG3
level of theory. The geometries in the MGBL19 database10

were consistently optimized. For systems with an odd num-
ber of electrons and for triplet species, we carried out spin-
polarized calculations.

All calculations have been carried out with ultrafine
grids using a locally modified GAUSSIAN03 code.33

IV. RESULTS AND DISCUSSION

IV.A. Solid-state lattice constants

The calculated lattice constants by the M06-L and
SOGGA functionals are listed in Table I. The experimental
reference data were taken from Ref. 28, with the estimates of
the zero-point anharmoic contribution removed so as to yield
equilibrium values, that is, the values corresponding to the
lowest Born–Oppehheimer electronic energy, including
nuclear repulsion. Table I shows that M06-L gives large er-
rors for the lattice constant of the Na and K metals, whereas
SOGGA gives very good performance for all 18 solids. The

TABLE I. Equilibrium lattice constants �Å� of the 18 test solids.

Solid M06-L SOGGA Expt.a

Li 3.533 3.455 3.451
Na 4.002 4.168 4.210
K 4.980 5.254 5.212
Al 3.971 4.026 4.020
C 3.562 3.561 3.556
Si 5.431 5.442 5.423
SiC 4.348 4.371 4.349
Ge 5.772 5.666 5.646
GaAs 5.744 5.629 5.643
NaCl 5.682 5.595 5.580
NaF 4.606 4.627 4.594
LiCl 5.174 5.045 5.090
LiF 4.023 3.990 3.987
MgO 4.181 4.200 4.197
Cu 3.590 3.566 3.596
Rh 3.896 3.807 3.793
Pd 3.956 3.874 3.877
Ag 4.099 4.030 4.064

aFrom Ref. 28, with an estimate of the zero-point anharmonic expansion
removed.
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mean errors �both mean signed error �MSE� and mean un-
signed error �MUE�� for the SSLC18 database are shown in
Table II, where they are divided into four classes, namely,
main-group metals, semiconductors, ionic solids, and transi-
tion metals. In Table II, we also give errors for the LSDA,
PBE, PBEsol, and TPSS functionals that are taken from a
recent study of Perdew et al.17 The TPSS density functional
makes a particular appropriate comparison because it is a
meta-GGA built on PBE.

For the four main-group metals, SOGGA and PBEsol
give the best performance, whereas M06-L gives the worst
performance due to its severe underestimation of the lattice
constants of the Na and K metals �see Table I�. For the five
semiconductors, LSDA and SOGGA are the best two per-
formers, whereas PBE give the worst performance. SOGGA
and PBEsol give the best performance for the five ionic sol-
ids and four transition metals, with PBE again worst. Aver-
aged over the 18 solids, SOGGA outperforms PBEsol by
20%. Comparing the performance of the two meta-GGAs,
TPSS, and M06-L, we find that TPSS is better for main-
group and transition metals, and M06-L is better for semi-
conductors and ionic solids.

IV.B. Energetic databases

The calculated cohesive energies for eight solids are
listed in Table III, and the statistical errors are given in Table
IV along with the errors for the AE6 �Ref. 32� and BH6 �Ref.
32� databases. AE6 is a representative database of six main-
group atomization energies �SiH4, SiO, S2, C3H4, C2H2, and
C4H8�, and BH6 is a representative database of six barrier
heights for hydrogen transfer reactions �the forward and re-

verse barriers of OH+CH4→CH3+H2O, H+OH→O+H2,
and H+H2S→HS+H2�. Inclusion of these databases allows
us to compare small-molecule energetics to solid-state cohe-
sive energies. Since SOGGA and PBEsol restore the gradient
expansion for exchange, they are not accurate for the ener-
gies of atoms, which is consistent with the conclusion of
Perdew and co-workers17,18 that one needs �
2�GE for ac-
curate energies of atoms �both SOGGA and PBEsol have �
=�GE�. Table IV shows that SOGGA and PBEsol are less
accurate than PBE for cohesive energies, atomization ener-
gies, and barrier heights. The best performer in Table IV is
M06-L, which was designed for thermochemistry, kinetics,
and noncovalent interactions.

IV.C. PbTiO3

PbTiO3 is a prototype ferroelectric perovskite crystal
with a high-temperature cubic phase and a low-temperature
phase of tetragonal symmetry �P4mm�. Recently Wu et al.
employed the linearized augmented plane wave method with
local orbital extensions34 �LAPW+LO� to compare the
weighted density approximation with LDA and the PBE
GGA. They found that PbTiO3 is a difficult case for both
LDA and PBE. We calculated the lattice constants for the
cubic phase and tetragonal phase, and the results are shown
in Table V. The experimental reference data in Table V are
for 0 K, which we extrapolated from the low-temperature
data of Mabud and Glazer.35 Although these are not equilib-
rium lattice constants, and they are not as accurate as the
reference data in Table I, they are accurate enough for the
present comparisons.

For the cubic phase, SOGGA and PBEsol gives the best
agreement with experiment, whereas PBE, TPSS, and M06-L

TABLE II. Errors in equilibrium lattice constants �Å� of the 18 test solids in Table I.

Methods

Four main-group metals Five semiconductors Five ionic solids Four transition metals SSLC18

MSE MUE MSE MUE MSE MUE MSE MUE MSE MUE

SOGGA 0.002 0.023 0.010 0.016 0.002 0.020 −0.013 0.020 0.001 0.020
PBEsola −0.003 0.023 0.030 0.030 0.020 0.027 0.000 0.019 0.013 0.025
TPSSa 0.053 0.053 0.062 0.062 0.068 0.068 0.025 0.027 0.054 0.054
LSDAa −0.090 0.090 −0.011 0.013 −0.084 0.084 −0.040 0.040 −0.055 0.056
PBEa 0.029 0.034 0.079 0.079 0.085 0.085 0.064 0.064 0.066 0.067
M06-L −0.102 0.142 0.048 0.049 0.044 0.050 0.052 0.056 0.015 0.071

aResults for LSDA, PBE, PBEsol, and TPSS are from Ref. 17.

TABLE III. Cohesive energies �eV/atom� of eight solids.

Solid M06-L SOGGA PBEsol Expt.a

C 7.50 8.50 8.37 7.59
Si 4.69 5.04 4.94 4.68
SiC 6.36 6.94 6.84 6.49
Ge 3.95 4.33 4.28 3.91
NaCl 3.76 3.31 3.33 3.34
NaF 4.23 4.11 4.14 3.98
LiCl 3.91 3.60 3.61 3.59
LiF 4.60 4.62 4.64 4.47

aThese are equilibrium values derived from the 0 K cohesive energy of Ref.
28, with an estimate of the zero-point contributions from the Debye tem-
perature �D �EZPE=9 /8kB�D�.

TABLE IV. Errors in cohesive energies �eV/atom� for the eight solids in
Table III, in the AE6 database �eV/bond�, and in the BH6 database �eV�.

Method

SSCE8 AE6 BH6

AMUEaMSE MUE MSE MUE MSE MUE

M06-L 0.12 0.17 0.02 0.03 −0.18 0.19 0.13
TPSS 0.17 0.22 0.03 0.05 −0.36 0.36 0.21
PBE −0.04 0.11 0.10 0.13 −0.40 0.40 0.22
PBEsol 0.26 0.27 0.31 0.31 −0.55 0.55 0.38
SOGGA 0.30 0.31 0.30 0.32 −0.57 0.57 0.40
LSDA 0.70 0.70 0.69 0.69 −0.77 0.77 0.72

aAMUE is the average of three MUE columns.
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overestimate the lattice constant by a large margin. For the
tetragonal phase, M06-L and PBEsol are the best two per-
formers. Averaging over three lattice constants of PbTiO3,
we find that SOGGA gives the best performance, followed
by M06-L.

IV.D. Graphite and graphitic BN

Graphite and graphitic BN deviate more strongly from
the uniform electron gas than the solids studied in Secs.
IV.A–IV.C, and most of the standard GGAs and meta-GGAs
are questionable5,6,36 for the prediction of the interlayer
�¯� interactions in these solids. The reference experimen-
tal lattice constants were taken from the literature.37,38 As
shown in Table VI, all tested density functionals give reason-
able performance for the intralayer lattice constants �maxi-
mum error is only 0.016 Å�, but all the tested functional
except M06-L give large errors for the interlayer lattice con-
stants. Averaged over four lattice constants, M06-L is the
best performer, and both SOGGA and PBEsol improve upon
the PBE and TPSS functionals.

IV.E. Benchmarking popular GGAs for solids

In order to place the present results in a broader perspec-
tive we applied five additional GGAs to three of the test
cases of Tables I and II; in particular, PW91,39 mPWPW,40

BPW91 �B88 �Ref. 41� for exchange and PW91 �Ref. 39� for
correlation�, BLYP �B88 �Ref. 41� for exchange and LYP
�Ref. 42� for correlation�, and RPBE13 were applied to K,
NaCl, and Si. This subset of SSLC18 is called SSLC3. �Note

that all the GGAs in Table VII except BLYP and PBEsol use
either the PW91 or the PBE functional for correlation; since
those two correlation functionals have only a minor differ-
ence, the comparisons of SOGGA, PW91, PBE, mPWPW,
and RPBE are essentially a test of varying only the exchange
functional.� Table VII confirms that, in keeping with the
goals that motivated their designs, SOGGA and PBEsol per-
form better for solid-state lattice constants than other popular
GGAs.

IV.F. Synthesis

We have prepared one more table �Table VIII�; by con-
sidering this table along with Tables IV–VI, we hope to
achieve a synthesis of our conclusions. Table VIII includes a
column for �, defined as

� � lim
s→0


1

2

d2Fx

ds2 � . �13�

However, the value of � requires further discussion for
PW91 and mPW91. For the PW91 functional

lim
s→0


1

2

d2Fx

ds2 � → 0.2743 − 0.1508e−100s2
. �14�

Thus, PW91 has the correct second-order gradient expansion
but only in the very small range of s. The mPW91 exchange
is a modified version of PW91, and it has the same behavior
as PW91. To indicate that formally � is 0.1235 but for prac-
tical purposes it is 0.2743, � for these functionals is listed as
“0.12�0.27�” in Table VIII.

The next three columns in Table VIII, namely, SSLC3,
AE6, and BH6, have already been described. These three
columns, along with Table V and the intralayer results in
Table VI show that low-� GGAs �namely, PBEsol and
SOGGA� are more accurate for solid-state lattice constants
and less accurate for small-molecule energetics with the op-
posite trend for large-� GGAs �PBE, BPW91, BLYP, and
RPBE�. This conclusion is fully consistent with the work of
Perdew and coworkers,17,18,43,44 which motivated the present
study. Madsen45 similarly emphasized the competing objec-
tives of improving atomic exchange energies versus improv-
ing equilibrium volumes of dense solids. An example of this
perspective is the work of Csonka et al.,22 which contrasts

TABLE V. Lattice constants �Å� for the cubic and tetragonal phases of
PbTiO3.

Method

Cubic Tetragonal

MSE MUEa a=b c

Expt.a 3.911 3.878 4.174
SOGGA 3.913 3.869 4.139 −0.014 0.015
M06-L 3.950 3.906 4.170 0.021 0.024
PBEsol 3.921 3.861 4.236 0.018 0.030
TPSS 3.957 3.884 4.459 0.112 0.112
PBE 3.958 3.845 4.612 0.151 0.173

aThe experimental data were extrapolated from the low-temperature data of
of Mabud and Glazer �Ref. 35�.

TABLE VI. Equilibrium lattice constants �Å� for graphite and graphitic BN.

Methods

Graphite �A9� BN �Bk�

MSE MUEa0 c0 a0 c0

Expt.a 2.459 6.672 2.504 6.652
M06-L 2.462 6.691 2.502 6.540 −0.023 0.034
SOGGA 2.467 7.125 2.510 6.958 0.193 0.193
PBEsol 2.468 7.157 2.511 6.981 0.207 0.207
PBE 2.475 7.290 2.518 7.266 0.315 0.315
TPSS 2.474 7.266 2.518 8.109 0.520 0.520

aExperimental data for graphite are taken from Ref. 37, and those for gra-
phitic BN from Ref. 38. The intralayer lattice constant is a0 and the inter-
layer lattice constant is c0.

TABLE VII. Comparison of GGAs and LSDA for the lattice constants �Å�
of K, NaCl, and Si.

Method K NaCl Si MUE

Expt. 5.212 5.580 5.423
SOGGA 5.254 5.595 5.442 0.025
PBEsol 5.240 5.597 5.454 0.025
LSDA 5.093 5.471 5.426 0.077
PW91 5.308 5.682 5.488 0.088
PBE 5.308 5.698 5.490 0.094
mPWPWa 5.340 5.710 5.492 0.109
BPW91 5.367 5.733 5.494 0.126
BLYP 5.368 5.756 5.553 0.154
RPBE 5.444 5.819 5.519 0.189

aAlso sometimes called mPWPW91.
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the density functional requirements of atoms and small mol-
ecules to those of solids. Next, we try to improve this per-
spective.

The next two columns of Table VIII involve the atomi-
zation energy �called De� and equilibrium S–F bond length
�called Re� for the main-group gas-phase molecule SF6.
While AE6 involves atoms with coordination numbers of
1–4, the solids of Table I have coordination number of 8 �for
body-centered-cubic potassium�, 6 �for NaCl�, and 4 �for Si�.
SF6 is a small molecules with an unusually large coordina-
tion number of 6 for the central S. Table VIII nevertheless
shows that the trend in errors in the atomization energy of
SF6 �high-� better� parallels the trends in AE6, and the trend
in errors in bond length �small-� better� parallel that for
SSLC3. Furthermore the trend in both the SF6 atomization
energy and AE6 parallel the trend in the energetics of SSCE8
�Table IV�, and the trend in SF6 bond length parallels the
trend for PbTiO3 lattice constants �Table V� and graphite and
graphitic BN intralayer lattice constants �Table V�. To this
point we see that low-� GGAs are consistently more accu-
rate for interatomic spacings �except the noncovalent weak
ones in Table VI� in either lattices or small-molecule bonds,
and high-� GGAs are more accurate for both solid-state co-
hesive energies and small-molecule energetics.

To further examine these correlations we turn to a pre-
viously developed10 database of 19 main-group small-
molecule bond lengths, MGBL19. This database can be di-
vided into MGHBL9 with nine hydrogenic bond lengths
�HBLs� and MGNHBL10 with ten nonhydrogenic bond
lengths �NHBLs�. The mean unsigned errors are shown in
Table VIII. We find similar trends in nonhydrogenic bond
lengths to those in lattice constants �small-� better�, but hy-
drogenic bond lengths show the opposite trend in accuracy
with varying �.

The last two columns of Table VIII give the errors in the
exchange energy and total energy of the He atom. We see
that large � is better, as for all other energetic quantities in
this article. We can summarize the synthesis for the perfor-
mance of GGA exchange functionals: A wide variety of lat-
tice constants and bond distances show improved accuracy
when � is close to the gradient expansion value of �0.12,
with the only exception being hydrogenic bond lengths. An
even wider variety of energetic quantities �cohesive energies
of diverse solids, atomization energies of small molecules,
barrier heights of chemical reactions, and the exchange en-
ergy and total energy of He atom� are improved when � is
about twice as large.

The two meta-GGAs in Table VIII are both high-� func-
tionals. For the most part, they show similar trends to the
high-� GGAs, the most notable differences being encourag-
ingly improved accuracy for AE6 and both kinds of main-
group bond lengths.

Zupan et al.46 showed that the average value of s for a
number of atoms, small molecules, and solids is in the range
of 0.6–1.1 and that most atomic and molecular properties
depend on s values in the range of 0
s
3. �They did not
consider noncovalent forces, which can be sensitive to larger
s.� Similarly Hammer et al.13 found that the critical range of
s for chemisorption energies of CO on Pd surface is 0.5
s

2.5. Figure 1 shows the exchange enhancement factor Fx

for seven of the GGAs considered in this article. The sepa-
ration of the curves into two low-� functionals and five
high-� functionals is readily apparent. Examination of the
terms in the gradient expansion shows that the second-order
expansion usually determines the magnitude of the enhance-
ment factors out to s
0.5, after which the higher terms be-
come noticeable.

TABLE VIII. Mean unsigned errors in energies �in eV� and distances �Å�.

Method �
SSLC3a

�Å�
AE6

�eV/bond�
BH6
�eV�

SF6 MGBL19 �Å�d He

De �eV�b Re �Å�c MGHBL9 MGNHBL10 Ex �eV�e Etot �eV�f

GGAs and LSDA
SOGGA 0.1235 0.025 0.32 0.57 3.85 0.020 0.015 0.006 2.02 1.58
PBEsol 0.1235 0.025 0.31 0.55 3.67 0.022 0.014 0.006 2.01 1.30
LSDA 0 0.077 0.69 0.77 7.29 0.008g 0.015 0.005 4.62 3.72
PW91 0.12�0.27�h 0.088 0.14 0.42 1.36 0.033 0.010 0.007 0.46 0.14
PBE 0.2195 0.094 0.13 0.40 1.18 0.035 0.011 0.008 0.58 0.34
mPWPW91 0.12�0.27�h 0.109 0.09 0.37 0.72 0.035 0.009 0.008 0.28 0.00
BPW91 0.2743 0.126 0.06 0.32 0.18 0.036 0.010 0.008 0.17 0.08
BLYP 0.2743 0.154 0.06 0.34 0.43i 0.048 0.010 0.015 0.22 0.05
RPBE 0.2195 0.189 0.09 0.28 0.93i 0.045 0.011 0.013 0.02 0.15
meta-GGAs
TPSS 0.2195 0.107 0.05 0.36 0.07 0.029 0.007 0.007 0.05 0.12
M06-L 0.2195 0.114 0.03 0.19 0.50 0.007 0.002 0.004 0.37 0.21

aMean unsigned error for three lattice constants in Table VII.
bUnsigned error for the total bond dissociation energies, the experimental reference value is 20.71 eV.
cUnsigned error for the S–F bond length, and the best estimate is 1.561 Å from Kuchitsu �Ref. 47�.
dA database of 19 bond lengths of main group compounds. See Ref. 10 for details.
eUnsigned error for the exchange energy of the He atom, and the best estimate is −27.914 eV from Kurth �Ref. 44�.
fUnsigned error for the total energy of the He atom, and the best estimate is −79.015 eV from Chakravorty �Ref. 48�.
gThis value negative; all other values in this column positive.
hSee Eq. �4� in text.
iThese values negative; all other values in this column positive.
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In comparing SOGGA to the PBEsol functional, we
should keep in mind that the developers of PBEsol intention-
ally violated the correct second-order gradient expansion to
improve jellium surface energies. In contrast, we did not
consider jellium surface energies but rather based the new
functional on universal properties. The practical results ob-
tained in this way for equilibrium interatomic distances in
both solids and molecules are encouraging.

V. CONCLUDING REMARKS

We developed a new GGA by a combination of a com-
plete restoration of the gradient expansion through second
order for both exchange and correlation and enforcing a
tighter Lieb–Oxford bound. The construction of the new
GGA follows a nonempirical “constraint satisfaction”
approach19 without fitting to data sets. The resulting SOGGA
functional satisfies one more exact constraint than the PBE-
sol functional, and it becomes exact for slowly-varying den-
sities. The new functional involves three modification to the
PBE generalized gradient approximation for exchange,
namely �a� replacement of the PBE enhancement factor by a
50:50 mixture of the PBE and RPBE enhancement factors,
�b� changing the value of the parameter � from 0.21591 to
10 /81 in order to restore the correct second-order gradient
expansion, the benefit of which was pointed out recently by
Perdew et al.,17 and �c� tightening the Lieb–Oxford bound by
lowering the value of the parameter � from 0.804 to 0.552.
These three modifications are made in concert, and it would

be an oversimplification to say that any one of them is
chiefly responsible for the better performance we observe.

SOGGA performs slightly better �on average� than PBE-
sol for the lattice constants in 18 previously studied solids
including four simple metals, five semiconductors, five ionic
solids, and four transition metals. It is also shown that
SOGGA performs slightly better than PBEsol for the lattice
constants of the cubic and tetragonal phases of the PbTiO3

ferroelectric perovskite crystal and for the lattice constants of
graphite and graphitic BN.

We also tested the performance of the meta-GGA
M06-L, which has previously been shown to provide very
good performance for small-molecule chemistry. Although
M06-L underestimates the lattice constants of the Na and K
metals by a large margin, it performs better than PBE for
semiconductors, ionic solids, and transition metals. M06-L
gives the best performance of five tested functionals for
graphite and graphitic BN.

Finally, we noted a trend in which low-� GGAs tend to
give more accurate nonhydrogenic interatomic distances, and
high-� GGAs tend to give more accurate energetics, with
these trends being observed both in the solid state and in
small molecules in the gas phase.
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