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Rydberg, and charge-transfer states and potential energies near a conical
intersection
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Kohn-Sham (KS) time-dependent density functional theory (TDDFT) with most exchange-
correlation functionals is well known to systematically underestimate the excitation energies of
Rydberg and charge-transfer excited states of atomic and molecular systems. To improve the de-
scription of Rydberg states within the KS TDDFT framework, Gaiduk et al. [Phys. Rev. Lett. 108,
253005 (2012)] proposed a scheme that may be called HOMO depopulation. In this study, we tested
this scheme on an extensive dataset of valence and Rydberg excitation energies of various atoms,
ions, and molecules. It is also tested on a charge-transfer excitation of NH3-F2 and on the po-
tential energy curves of NH3 near a conical intersection. We found that the method can indeed
significantly improve the accuracy of predicted Rydberg excitation energies while preserving rea-
sonable accuracy for valence excitation energies. However, it does not appear to improve the de-
scription of charge-transfer excitations that are severely underestimated by standard KS TDDFT
with conventional exchange-correlation functionals, nor does it perform appreciably better than
standard TDDFT for the calculation of potential energy surfaces. © 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4894522]

I. INTRODUCTION

Adiabatic Kohn-Sham (KS) linear-response (LR) time-
dependent density functional theory (TDDFT),1, 2 which we
abbreviate as KS-LR in this paper, is the most widely used
theory for the calculation of excitation energies of molecules.
In principle it is a convenient, straightforward method that re-
quires no more input than the specification of an approximate
exchange-correlation functional and the specification of the
molecular system. Especially when used with local exchange-
correlation functionals [such as the local spin-density approx-
imations (LSDA) or the generalized gradient approximations
(GGA), which are sometimes called semilocal, but which are
here called local since they depend only on local variables], it
requires modest computational cost compared to reasonably
accurate wave function theories (WFT) for excited states—
like equation-of-motion coupled cluster (EOM-CC)3 theory
or complete active space perturbation theory (CASPT)4—
but gives comparable accuracy in many situations like the
vertical excitation energies of valence states. There are well
known cases, however, in which KS-LR with local approxi-
mate exchange-correlation functionals systematically fails.5, 6

A particularly important case of the failures is that it under-
estimates Rydberg and long-range charge-transfer excitation
energies by large margins. The reason is that local exchange-
correlation potentials derived from the local functionals do
not have the correct −1/r behavior in the intermediate and

a)Author to whom correspondence should be addressed. Electronic mail:
truhlar@umn.edu

large-r (asymptotic) limits,7 where r is the distance between
an electron and the remaining (N − 1)-electron part of a N-
electron system. Hybrid functionals, in which a percentage X
of the local exchange is replaced by the non-local (Hartree-
Fock) exchange, usually perform better but are still often not
satisfactory.8–10

Recently Staroverov and co-workers11, 12 proposed an el-
egant scheme to improve the performance of KS-LR on Ry-
dberg excitation energies without sacrificing the accuracy on
valence excitation energies. They showed that, by depopulat-
ing a certain fraction of electrons from the KS highest oc-
cupied molecular orbital (HOMO), the behavior of the effec-
tive potential in the intermediate and asymptotic region can
be made more accurate, and as a result the Rydberg excita-
tion energies can be significantly improved. We will call this
method “HOMO depopulation.” Although the method intro-
duces a parameter δ (the number of electrons removed), the
authors showed that the parameter depends on the exchange-
correlation functional but optimized values “show relatively
little system dependence” for the systems they tested. This is
important for the wide applicability of the method and worth
more validation.

In this paper, we will further test the performance of
this HOMO depopulation method by considering a series of
challenging systems, including valence, Rydberg, and charge-
transfer excitations of atoms and molecules, and potential en-
ergy surfaces near a conical intersection. Instead of applying
HOMO depopulation with full-linear-response KS-LR, we
apply it with the Tamm-Dancoff approximation (TDA)13, 14

to KS-LR,15 which we call KS-TDA. The reason for this is

0021-9606/2014/141(10)/104106/8/$30.00 © 2014 AIP Publishing LLC141, 104106-1
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that KS-TDA gives similar or even higher accuracy than KS-
LR9, 16 but is more stable near state intersections,5 which is
especially desirable for calculations of potential energy sur-
faces for photochemical applications.

II. THEORY

Here, we give an overview of the method for closed-shell
systems; for details, see Refs. 11 and 12. For a system with
N electrons, Kohn-Sham density functional theory (KS-DFT)
constructs a fictitious system with N non-interacting elec-
trons that has the same electron density as the real system.
The N non-interacting electrons occupy N/2 doubly-occupied
KS molecular orbitals (MOs) which serve as input for the
effective Hartree-exchange-correlation potential felt by the
electrons. In the HOMO depopulation method, a total of δ

electrons (δ/2 α and δ/2 β electrons, where δ is a real num-
ber between 0 and 2) are removed from the HOMO. If the
HOMO is spatially M-fold degenerate, the δ electrons to be
removed are evenly distributed among all degenerate HO-
MOs, namely, (δ/2M) α and (δ/2M) β electrons from each
degenerate HOMO. The modified occupation numbers are
used throughout the self-consistent field (SCF) procedure un-
til convergence is reached. Then the converged KS orbitals
are used in the subsequent KS-LR or KS-TDA calculations
as if they are normal KS orbitals. The aim of this method is
to make the effective potential closer to the exact potential in
intermediate and asymptotic regions.

This method has a critical parameter δ that needs to be
specified. In the original papers11, 12 the authors showed that δ

depends on the approximate exchange-correlation functional
but is insensitive to choice of system among those they stud-
ied. Given an exchange-correlation functional, the method
with a certain δ can significantly improve the excitation ener-
gies of Rydberg excited states while not sacrificing the accu-
racy for valence excited states. Here, we propose some more
systematic and challenging tests for the method.

III. COMPUTATIONAL DETAILS

We implemented the HOMO depopulation method in a
locally modified version of the GAMESS software package.17

It is used in the framework of KS-TDA with five functionals
to calculate the electronic excitation energies of a series of
systems and compare to reference values from experiment or
high-level ab initio calculations. A grid of 99 radial shells and
590 angular points per shell is used for numerical integration
for all the DFT-based methods.

The dataset of valence and Rydberg excitation energies
of atoms includes eight valence and 16 Rydberg excitation
energies of six closed-shell atoms and atomic ions (Be, B+,
Ne, Na+, Mg, Al+) as used in Ref. 10. This database may
be called AEE24 (denoting 24 atomic excitation energies);
it contains the two lowest singlet singly excited states and
two lowest triplet singly excited states of each atom and ion.
“Singly-excited” means only one electron is excited from the
closed shell to a higher atomic orbital shell. For Be, B+, Mg,
and Al+, the lowest singlet and triplet singly-excited states
are valence states and the second lowest states are Rydberg

states, while for Ne and Na+ all excited states are Rydberg
states. The basis sets used are: aug-cc-pVQZ18, 19 for Be and
B+, d-aug-cc-pVQZ18, 19 for Ne, aug-cc-pCVQZ20 for Na+,
and aug-cc-pV(Q+d)Z18, 19, 21 for Mg and Al+, following
Ref. 10.

The dataset of molecules includes 30 valence and 39 Ry-
dberg excitation energies of 11 closed-shell organic molecules
(acetaldehyde, acetone, ethylene, formaldehyde, isobutene,
pyrazine, pyridazine, pyridine, pyrimidine, s-tetrazine, t-
butadiene) as used in Ref. 9. This database may be called
MEE69 (denoting 69 molecular excitation energies). The ge-
ometries of all the molecules are also taken from Ref. 9. For
molecules it is not always clear if an excited state is valence or
Rydberg, and here we use the same judgments already made
in Ref. 9. Another ambiguity is in the assignment of the calcu-
lated states since KS-LR and KS-TDA tend to over-stabilize
Rydberg and charge-transfer states, bringing some uninter-
esting high-energy states down to the low-energy spectrum
of interest. We choose to line up the states in energy order
within each irreducible representation, also following Ref. 9.
The reason and a discussion of other possible assignments can
be found in the same reference. The 6-31(2+,2+)G(d,p)22 ba-
sis set is used for all the molecules. This basis set is flexible
enough that the error from the limited size of the basis set is
minor compared to the error from the approximate functional
used with KS-TDA.

The functionals used in the test of valence and Rydberg
states include an LSDA functional, namely, GVWN5 (also
known as SVWN5),23 a GGA functional, namely, BLYP,24, 25

three hybrid functionals, namely, B3LYP26 (which has
X = 20, where X is the percentage of Hartree-Fock exchange),
M0627, 28 (X = 27), and M06-2X27, 28 (X = 54). (See the
supplementary material for some comments on B3LYP in
GAMESS.29) We choose only these five representative func-
tionals instead of a large variety because the purpose of this
paper is to test the HOMO depopulation correction to KS-
TDA rather than testing the functionals.

Note that some researchers, especially physicists, call
GGAs semilocal, whereas many others, especially chemists,
label any energy density functional that depends only on local
variables, such as the local density, the local density gradient,
or the local kinetic energy density, as local; a local functional
should not be confused with a local-density functional, which
depends only on the local density, not on other local variables.
The Hartree-Fock energy density is labeled as nonlocal be-
cause, like the Coulomb energy density (sometimes called the
Hartree term, especially by physicists), it involves an integral
over all space.

For some calculations we also consider a database with
46 diverse data; this database will be called DEE46 (46 di-
verse excitation energies). This contains the eight valence ex-
citation energies (four singlet and four triplet) and 16 Rydberg
excitation energies (eight singlet and eight triplet) of AEE24,
the four valence and eight Rydberg singlet-triplet splittings
from corresponding pairs of excitation energies in AEE24,
and ten valence singlet excitation energies from MEE69.
The ten singlet excitation energies are the lowest-energy va-
lence singlet excitation energies of each of the ten molecules
that have valence excitations (isobutene has no valence
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TABLE I. Mean signed errors (MSE) and mean unsigned errors (MUE) over the eight valence states, 16 Rydberg states, and all 24 excited states of the six
atoms and atomic ions as calculated by KS-TDA with HOMO depopulation with five functionals. The functionals are listed in order of increasing overall MUE
with the optimum δ (which is shown in bold face).

Exchange-correlation
MSE (eV) MUE (eV)

functionals δ Valence Rydberg All Valence Rydberg All

B3LYP 0 − 0.13 − 1.89 − 1.30 0.22 1.89 1.33
0.15 − 0.12 − 0.68 − 0.50 0.28 0.69 0.55
0.2 − 0.13 − 0.29 − 0.23 0.31 0.34 0.33
0.25 − 0.13 0.11 0.03 0.35 0.23 0.27
0.3 − 0.14 0.51 0.29 0.38 0.51 0.47

BLYP 0 − 0.11 − 2.70 − 1.84 0.23 2.70 1.88
0.15 0.03 − 1.36 − 0.89 0.27 1.36 1.00
0.2 0.07 − 0.91 − 0.58 0.31 0.96 0.74
0.25 0.11 − 0.46 − 0.27 0.36 0.60 0.52
0.3 0.15 − 0.02 0.03 0.40 0.35 0.37
0.35 0.18 0.41 0.34 0.44 0.47 0.46
0.4 0.21 0.86 0.64 0.48 0.86 0.73

M06 0 − 0.20 − 2.50 − 1.73 0.23 2.50 1.75
0.15 − 0.20 − 1.31 − 0.94 0.23 1.31 0.95
0.2 − 0.20 − 0.91 − 0.67 0.24 0.91 0.69
0.25 − 0.21 − 0.51 − 0.41 0.25 0.53 0.44
0.3 − 0.22 − 0.12 − 0.15 0.27 0.44 0.38
0.35 − 0.24 0.27 0.10 0.28 0.55 0.46
0.4 − 0.25 0.66 0.36 0.30 0.80 0.63

GVWN5 0 0.00 − 2.29 − 1.53 0.17 2.29 1.58
0.15 0.14 − 0.93 − 0.57 0.25 1.01 0.75
0.2 0.18 − 0.47 − 0.25 0.29 0.64 0.53
0.25 0.22 − 0.03 0.06 0.33 0.40 0.38
0.3 0.25 0.42 0.37 0.37 0.46 0.43

M06-2X 0 0.09 − 1.21 − 0.78 0.27 1.21 0.90
0.05 0.04 − 0.87 − 0.57 0.30 0.87 0.68
0.1 − 0.02 − 0.54 − 0.37 0.33 0.57 0.49
0.15 − 0.08 − 0.22 − 0.18 0.37 0.50 0.46
0.2 − 0.15 0.10 0.02 0.43 0.51 0.48
0.25 − 0.22 0.42 0.20 0.48 0.63 0.58
0.3 − 0.30 0.74 0.39 0.54 0.87 0.76

excitations). The diverse database has 22 valence data and 24
Rydberg data.

The test of charge-transfer excitation is chosen to be the
3A1 [n(N) → σ ∗(F2)] excitation of the NH3-F2 complex. The
geometry of the complex is taken from Ref. 30. In particu-
lar, the intermolecular distance of NH3 and F2 is 6 Å. The
functional and basis set used for this calculation is B3LYP/6-
31+G(d,p).31

The potential energy curves near a conical intersec-
tion between the ground and the first excited states of NH3
are also tested. The geometries are taken to be planar,
with all � HNH = 60◦, r(N-HB) = r(N-HC) = 1.020 Å,
and r(N-HA) is the coordinate along which the poten-
tial energy curves are calculated. The reference multi-
configurational quasi-degenerate perturbation theory (MC-
QDPT) calculations32 gave a symmetry-allowed conical
intersection at r(N-HA) = 2.0–2.1 Å. The functional
and basis set for this calculation is B3LYP/6-311+G(3df,
3pd).33

In order to place the results in perspective, we also report
comparisons to spin-flip TDDFT, in both its collinear34 and

noncollinear10, 35 versions. We sometimes abbreviate “spin-
flip” as SF.

IV. RESULTS AND DISCUSSION

IV.A. Valence and Rydberg excitations

The mean signed error (MSE) and mean unsigned error
(MUE) of the valence and Rydberg states and of all of the ex-
citation energies of all the atoms and molecules, as compared
to the reference values, are summarized in Tables I and II,
respectively. (The supplementary material gives a representa-
tive set of data that may be useful by researchers who want to
check some of the calculations.29)

As is well known, standard KS-TDA (δ = 0) with many
exchange-correlation functionals gives rather accurate va-
lence excitation energies but significantly underestimates Ry-
dberg excitation energies, giving a large MUE for Rydberg
excitation energies and a negative MSE with similar magni-
tude. As δ increases, the Rydberg excitation energies increase
monotonically, their MSE goes from negative to positive, and
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TABLE II. Mean signed errors (MSE) and mean unsigned errors (MUE) over the 30 valence states, 39 Rydberg states, and all 69 excited states of the 11
molecules as calculated by KS-TDA HOMO depopulation with five functionals. The functionals are listed in order of increasing overall MUE with the optimum
δ (which is shown in bold face).

Exchange-correlation
MSE (eV) MUE (eV)

functionals δ Valence Rydberg All Valence Rydberg All

B3LYP 0 0.09 − 0.85 − 0.44 0.25 0.86 0.59
0.15 0.17 − 0.23 − 0.05 0.26 0.30 0.28
0.2 0.19 − 0.04 0.06 0.27 0.16 0.21
0.25 0.20 0.16 0.18 0.28 0.21 0.24
0.3 0.21 0.36 0.30 0.29 0.37 0.34

BLYP 0 − 0.41 − 1.54 − 1.05 0.48 1.54 1.08
0.15 − 0.17 − 0.75 − 0.50 0.33 0.77 0.58
0.2 − 0.10 − 0.48 − 0.31 0.30 0.51 0.42
0.25 − 0.04 − 0.21 − 0.14 0.29 0.28 0.29
0.3 0.01 0.04 0.03 0.29 0.18 0.23
0.35 0.05 0.23 0.15 0.29 0.28 0.29
0.4 0.08 0.45 0.29 0.29 0.49 0.41

M06 0 − 0.10 − 1.28 − 0.77 0.27 1.28 0.84
0.15 0.04 − 0.75 − 0.41 0.25 0.75 0.53
0.2 0.06 − 0.54 − 0.28 0.24 0.56 0.42
0.25 0.08 − 0.34 − 0.15 0.24 0.39 0.32
0.3 0.10 − 0.15 − 0.05 0.25 0.28 0.27
0.35 0.11 0.03 0.06 0.26 0.29 0.28
0.4 0.11 0.20 0.16 0.27 0.36 0.32

GVWN5 0 − 0.42 − 1.22 − 0.87 0.53 1.23 0.92
0.15 − 0.19 − 0.42 − 0.32 0.40 0.47 0.44
0.2 − 0.13 − 0.17 − 0.15 0.38 0.28 0.32
0.25 − 0.08 0.08 0.01 0.38 0.22 0.29
0.3 − 0.05 0.30 0.15 0.38 0.36 0.37

M06-2X 0 0.36 − 0.17 0.06 0.45 0.29 0.36
0.05 0.34 − 0.04 0.12 0.46 0.23 0.33
0.1 0.32 0.08 0.19 0.46 0.23 0.33
0.15 0.29 0.19 0.24 0.46 0.27 0.35
0.2 0.27 0.31 0.29 0.47 0.35 0.40
0.25 0.23 0.39 0.32 0.46 0.41 0.43
0.3 0.20 0.48 0.36 0.47 0.49 0.48

their MUE first decreases then increases, giving a minimum.
Our calculations show that MUE for Rydberg excitation en-
ergies can be significantly reduced from >1 eV to as small as
0.2 eV.

On the other hand, the MSE and MUE of valence exci-
tation energies do not have a general trend. For atoms, the
valence MUE usually increases as δ increases; for molecules,
it can be larger or smaller as δ increases, depending on the
functional. Regardless of it being larger or smaller, however,
the difference with δ = 0 and with the optimal δ (giving small-
est overall MUE) is usually less than 0.2 eV, which means the
valence excitation energies are less sensitive to δ than the Ry-
dberg excitation energies are. Consequently, the overall MUE
can be reduced with a functional-dependent δ.

Among the five tested functionals, B3LYP with δ = 0.25
has the best performance for the atoms and ions (overall MUE
= 0.27 eV). Xu et al.10 have done extensive tests of vari-
ous schemes of linear-response TDDFT, including KS-LR,
KS-TDA, and spin-flip TDDFT36 in the Tamm-Dancoff ap-
proximation (abbreviated as SF-TDA hereafter) on the same

dataset of atoms and ions. In addition to the four excitation en-
ergies for each atom and ion, they included two singlet-triplet
splittings for each atom and ion in the statistics as well. In-
cluding the two splittings so we can compare to that work, the
best result for the present work is an overall MUE = 0.25 eV
from B3LYP with δ = 0.25. In comparison, the best result of
Ref. 10 is an overall MUE of 0.27 eV from a noncollinear10, 35

scheme [in particular “N-EA-SPQ:GVWN5” (See Ref. 10 for
the meaning of this notation.)] Thus, we find that the best re-
sult of the current test outperforms the best result of the arti-
cle by Xu et al.10 Table III organizes the results from the five
functionals with the best tested δ, the top five SF-TDA meth-
ods of Xu et al., the top five KS-TDA methods tested in the
article of Xu et al. and in this work, and two WFT methods.
Xu et al. have shown that SF-TDA with a noncollinear ker-
nel, when interpreted carefully, has better overall performance
than standard KS-LR and KS-TDA for this database. Here,
Table III shows that the HOMO depopulation method with
selected functionals and proper δ is competitive with the best
SF-TDA methods and even with CASPT2 (complete active
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TABLE III. Mean unsigned errors (MUE, in eV) over the 12 valence excita-
tions and singlet-triplet splittings, 24 Rydberg excitations and singlet-triplet
splittings, and all 36 excitations and singlet-triplet splittings of the six atoms
and atomic ions. Five of the HOMO depopulation calculations, the best five
noncollinear spin-flip methods of Ref. 10, the best five KS-TDA methods of
Ref. 10 and this work, and two WFT methods are listed for comparison. The
methods are listed in order of increasing overall MUE.

Method Valence Rydberg Overall Reference

EOM-CCSD 0.04 0.12 0.09 Ref. 10
CASPT2 0.12 0.30 0.24 Ref. 10
KS-TDA B3LYP (δ = 0.25) 0.41 0.18 0.25 This work
N-EA-SPQ:GVWN5 0.24 0.28 0.27 Ref. 10
KS-TDA M06 (δ = 0.3) 0.25 0.33 0.30 This work
KS-TDA GVWN5 (δ = 0.25) 0.34 0.31 0.32 This work
KS-TDA BLYP (δ = 0.3) 0.46 0.27 0.33 This work
N-OA-S12:M06 0.33 0.33 0.33 Ref. 10
KS-TDA M06-2X (δ = 0.15) 0.33 0.36 0.35 This work
N-EA-S12:B3PW91 0.46 0.32 0.37 Ref. 10
N-EA-S22:LRC-ωPBE 0.64 0.25 0.38 Ref. 10
N-EA-S22:LRC-ωPBEh 0.69 0.27 0.41 Ref. 10
KS-TDA M06-2X 0.27 0.83 0.64 Ref. 10
KS-TDA ωB97X 0.17 1.11 0.80 Ref. 10
KS-TDA B97-1 0.11 1.18 0.82 Ref. 10
KS-TDA B3PW91 0.30 1.14 0.86 Ref. 10
KS-TDA B3LYP 0.24 1.29 0.94 This work

space perturbation theory of second order) for this database.
In comparison, the best standard KS-TDA methods are out-
performed by a wide margin.

For the organic molecules, we observed similar trends
as for the atoms. B3LYP with δ = 0.2 has the best perfor-
mance (overall MUE = 0.21 eV). Isegawa et al.9 have tested
KS-LR with various exchange-correlation functionals on the
same dataset of molecular excitations, and the best result they
obtained is overall MUE = 0.30 eV from M06-2X, which
is outperformed by the best result here by a wide margin.
Table IV organizes the results for the five functionals for the
HOMO depopulation method, each with its optimum tested δ,
for the same five functionals with standard KS-TDA (δ = 0),
for the top five KS-LR methods of Isegawa et al., and for one
WFT method (EOM-CCSD). Four of the five listed KS-TDA
methods with HOMO depopulation outperform the best KS-
LR methods, and two even outperform EOM-CCSD for this
database, although the difference in performance is not as sig-
nificant as for the database of atoms. The standard KS-TDA
methods in Table IV are generally not as good as the KS-LR
methods, but we need to be aware that the listed functionals
for KS-LR are the top five out of the 30 functionals tested by
Isegawa et al., whereas the five functionals for KS-TDA are
only a representative set of the popular types of functionals
used for testing HOMO depopulation in this work.

To give a more comprehensive comparison among the
various TDDFT schemes (KS-LR, KS-TDA, KS-TDA with
HOMO depopulation, and collinear and noncollinear SF-
TDA), we made additional tests employing the DEE46
database. Two widely used functionals that have good gen-
eral performance, M06 and B3LYP, are tested on this dataset
with the various kinds of TDDFT schemes. The mean un-

TABLE IV. Mean unsigned errors (MUE, in eV) over the 30 valence states,
39 Rydberg states, and all 69 excited states of the 11 molecules. Five of
the HOMO depopulation calculations, five standard KS-TDA calculations
(δ = 0) with the same functionals, the best five KS-LR methods of Ref. 9,
and a WFT method (EOM-CCSD) are listed for comparison. The methods
are listed in order of increasing overall MUE.

Method Valence Rydberg Overall Reference

KS-TDA B3LYP (δ = 0.2) 0.27 0.16 0.21 This work
KS-TDA BLYP (δ = 0.3) 0.29 0.18 0.23 This work
KS-TDA M06 (δ = 0.3) 0.25 0.28 0.27 This work
EOM-CCSD 0.47 0.11 0.27 Ref. 9
KS-TDA GVWN5 (δ = 0.25) 0.38 0.22 0.29 This work
KS-LR M06-2X 0.36 0.26 0.30 Ref. 9
KS-LR ωB97X-D 0.32 0.28 0.30 Ref. 9
KS-LR MPWKCIS1K 0.40 0.27 0.32 Ref. 9
KS-LR PWB6K 0.43 0.24 0.32 Ref. 9
KS-TDA M06-2X (δ = 0.1) 0.46 0.23 0.33 This work
KS-LR CAM-B3LYP 0.31 0.35 0.33 Ref. 9
KS-TDA M06-2X 0.45 0.29 0.36 This work
KS-TDA B3LYP 0.25 0.86 0.59 This work
KS-TDA M06 0.27 1.28 0.84 This work
KS-TDA GVWN5 0.53 1.23 0.92 This work
KS-TDA BLYP 0.48 1.54 1.08 This work

signed errors are organized in Table V. Table V shows that
for the two functionals studied, the ranking of overall MUE
is (best) KS-TDA with HOMO depopulation, (second best)
noncollinear SF-TDA, (third) collinear SF-TDA, (fourth) KS-
TDA, and (fifth) KS-LR, which is consistent with the trends
in Tables III and IV. Standard KS-TDA gives satisfactory ac-
curacy for valence excitations but is poor for predicting Ry-
dberg excitations, while KS-TDA with HOMO depopulation
and SF-TDA strike a much better balance between the accu-
racy of the two types of excitations. We remind the reader
that, although SF-TDA can give good results for both valence

TABLE V. Mean unsigned errors (MUE, in eV) of KS-TDDFT methods
over the DEE46 database of atomic and molecular excitation energies and
spin splittings.a

Method Valence Rydberg Overall Reference

HOMO-depopulated
TDA B3LYPb

0.31 0.16 0.23 This work

HOMO-depopulated
TDA M06c

0.20 0.31 0.26 This work

Noncollinear
spin-flip TDA M06d

0.36 0.33 0.35 Refs. 10 and 36

Collinear spin-flip
TDA M06e

0.40 0.68 0.54 Refs. 10 and 36

TDA B3LYP 0.19 1.29 0.77 This work
LR B3LYP 0.32 1.30 0.83 This work, Ref. 36
TDA M06 0.22 1.71 1.00 This work
LR M06 0.35 1.72 1.07 Refs. 10 and 36

aThe methods are listed in order of increasing overall MUE.
bδ = 0.25.
cδ = 0.3.
dRecalculated from the “N-OA-S12:M06” data of Ref. 10 and the “NC-NSF2 M06” data
of Ref. 36.
eRecalculated from the “C-EA-S11:M06” data of Ref. 10 and the “NSF2 M06” data of
Ref. 36.
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FIG. 1. Mean unsigned error (MUE) over the two valence excitations, over
the two Rydberg excitations, and over all four excitations of Be (top) and Mg
(bottom) as a function of δ calculated by KS-TDA B3LYP with HOMO de-
population (Basis set: aug-cc-pVQZ for Be and aug-cc-pV(Q+d)Z for Mg).

and Rydberg excitations, it has several subtleties and must be
used with caution (for how the subtleties can significantly af-
fect the accuracy of SF-TDA, we refer the interested reader
to the discussions in Refs. 10 and 36). In contrast, KS-TDA
with HOMO depopulation is simple to use, with only one
parameter δ to be determined (or one can use the recom-
mended δ values of Table V).

Note that we have chosen only several discrete δ values
for testing instead of fully optimizing the value of δ, because
our aim is to study the effect of δ and the general performance
rather than finding the absolutely optimal δ. Furthermore, we
do not need to find the overall optimal δ since the general use-
fulness of the method is due to the fact that the performance
can be improved within a range of δ (as opposed to a tightly
optimized specific value of δ) that applies to all atoms and
molecules tested, as described next.

In the first papers in the HOMO depopulation
method11, 12 the authors showed that the proper value of δ has
weak system dependence. This finding can be further elabo-
rated by examination of our tests. For instance, we can com-
pare the error of excitation energies of Be and Mg calculated

by KS-TDA with B3LYP, as Fig. 1 shows. Evidently, the op-
timal δ for valence and Rydberg excitations, or for Be and
Mg, is rather different: for Be, the optimal tested δ for valence
states is 0.15, and for Rydberg states it is 0.25, while for Mg,
the optimal tested δ for valence states is 0, and for Rydberg
states it is 0.15. Nevertheless, if we take a compromise value
of 0.2 for both, we can get an overall MUE of 0.1–0.2 eV,
which is much better than the MUE for the original δ = 0.
In fact, the Rydberg excitations are improved by a greater
amount than the amount by which the valence excitations are
worsened, and δ does not need to be at its very optimal value
to improve the overall performance. This is the key advantage
that makes this method useful: the overall performance can
be significantly better than the standard KS-TDA in a rather
wide range of δ which depends only weakly on the system
under study.

Staroverov and co-workers11, 12 showed that hybrid func-
tionals need smaller corrections than local functionals do.
This trend also shows up in this study, though not strictly so.
The two local functionals, GVWN5 and BLYP, achieve best
performance at δ = 0.25 and 0.3, respectively, for both the
atoms and the molecules. The behavior of the hybrid func-
tionals is diverse: M06-2X needs δ = 0.15 and 0.1 for best
performance on atoms and molecules, respectively, B3LYP
needs 0.25 and 0.2, and M06 needs 0.3 for both. Compar-
ing the performance of the standard (δ = 0) KS-TDA with
local and hybrid functionals, it is clear that those that orig-
inally perform better need less correction. Hybrid function-
als, especially those like M06-2X with a high percentage of
Hartree-Fock exchange, usually have better performance for
Rydberg excitation energies because of the better asymptotic
behavior of the Hartree-Fock exchange potential. On the other
hand, M06, despite its hybrid nature, needs larger δ. In sum-
mary, we find that how large of a δ is needed is directly
related to the performance of the original functional: func-
tionals that perform better without HOMO depopulation need
smaller δ.

IV.B. Charge-transfer excitation of NH3-F2

The success of the method on Rydberg states can be as-
cribed to a more accurate Hartree-exchange-correlation po-
tential in the intermediate and near-asymptotic region.11, 12

On the other hand, the performance on long-range charge-
transfer excitations depends on the asymptotic behavior of
the potential at even larger r. The 3A1 n(N) → σ ∗(F2) exci-
tation of NH3-F2, in which the intermolecular distance of the
two monomers is 6 Å, represents an extreme and clear case
of long-range charge-transfer excitation.27 The reason for this
is that it is a long-range charge transfer state with negligible
overlap of the charge distributions of the subsystems.37, 38

KS-TDA with B3LYP/6-31+G(d,p) substantially under-
estimates the excitation energy, giving 2.22 eV compared to
the reference symmetry-adapted-cluster configuration inter-
action (SAC-CI) value 9.46 eV.30 As Fig. 2 shows, HOMO
depopulation raises the excitation energy (as it does for Ryd-
berg excitations), but the δ needed to reach the correct level
is 0.8–0.9, much larger than the appropriate value for valence
and Rydberg excitations in our previous test (0.2–0.25). The δ
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FIG. 2. The excitation energy of the 3A1 charge-transfer state of NH3-F2
calculated by KS-TDA B3LYP/6-31+G(d,p) with HOMO depopulation as a
function of δ (black line with solid squares), and the reference SAC-CI/6-
31+G(d,p) value taken from Zhao and Truhlar27 (red horizontal line).

value needed to correct the asymptotic region of the potential
is much larger than that needed to correct the intermediate re-
gion, and one cannot get good results for both simultaneously.

IV.C. Potential energy curves of NH3 near a conical
intersection

So far we have considered only excitations at single ge-
ometries. This is important for spectroscopy, but to extend
further the applicability of the method to photochemistry,
we need to test its performance on potential energy surfaces
at geometries far from equilibrium. Conical intersections
are especially challenging cases and are critical for applica-
tions of photochemistry. One challenge is that KS-TDA gives
F − 1 instead of the correct F − 2 dimensions for conical
intersections of the KS-DFT reference state and a response
state,39–41 where F is the internal degrees of freedom of the
system. This can be remedied by the recently proposed CIC-
TDA method,42 but for simplicity we here choose to study a
symmetry-allowed conical intersection of NH3 that does not
have this complexity.

The potential energy curves are plotted in Fig. 3. Com-
pared to the reference MC-QDPT results,32 standard KS-TDA
with B3LYP overestimates both the ground and the first sin-
glet excited states by as large as 1–2 eV, and the intersec-
tion appears at longer N–HA distance. The HOMO depopu-
lation correction with δ = 0.25 brings down both curves by
∼0.1 eV, making them closer to the reference curves but still
far from acceptable. Even if we assume that the curves would
keep moving down as δ keeps increasing, it would need much
too large of a δ to make the curves reasonable, in particular so
large that the excitations near the equilibrium geometry would
no longer be accurate.

Another point related to potential energy surfaces that is
worth noting is that the HOMO depopulation method is not
size consistent. If the energies of two different non-interacting
molecular motifs are calculated individually, the HOMO of

FIG. 3. The potential energy curves of the S0 and S1 states of NH3 near a
conical intersection calculated by KS-TDA B3LYP/6-311+G(3df,3pd) with
(δ = 0.25) and without (δ = 0) HOMO depopulation, and the reference MC-
QDPT results taken from Ref. 32.

both will be depopulated, but if they are put together and the
total energy is calculated, only the HOMO of one of them
will be depopulated. The lack of size consistency limits the
application of the method for problems like the calculation of
potential energy surfaces of chemical reactions or photodis-
sociation.

IV.D. Further discussion

Figure 2 also manifests an interesting phenomenon in that
the excitation energy of the state changes almost linearly with
δ in a wide range of δ. In fact, this happens for almost all
the tests carried out in this study, regardless of the character
(valence or Rydberg or charge-transfer) of the state. Gener-
ally the slope of the excitation energy versus δ curve is con-
siderably larger for Rydberg and charge-transfer states than
for valence states. The slope for valence states can be posi-
tive or negative, while for most Rydberg and charge-transfer
states it is positive. Since KS-LR and KS-TDA with conven-
tional local and hybrid functionals systematically underesti-
mate the excitation energies of Rydberg states while giving
reasonable excitation energies of valence states, HOMO de-
population with a proper δ can achieve a good compromise
for the accuracy of valence states and Rydberg states if the
underestimation of Rydberg excitation is not too severe. In
contrast, if the underestimation of a state energy is very large,
as in the NH3-F2 case in this study, the large δ needed to ob-
tain reasonable accuracy of the state may ruin the accuracy of
the other states.

V. CONCLUSIONS

We have tested the HOMO depopulation method pro-
posed by Staroverov and co-workers11, 12 with the linear-
response Kohn-Sham time-dependent density functional the-
ory in the Tamm-Dancoff approximation (KS-TDA) on the
valence, Rydberg, and charge-transfer excitation energies of
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a variety of atomic and molecular systems, as well as the
potential energy curves of NH3 near a conical intersection.
With the tested local or hybrid functionals and a properly cho-
sen parameter δ, the method is able to improve the excitation
energies of Rydberg states while preserving reasonable ac-
curacy of valence excitation energies. Improved overall per-
formance for the tested valence and Rydberg states can be
achieved in a wide range of δ independent of the systems.

For the severely underestimated charge-transfer state of
NH3-F2, however, the δ needed to obtain reasonable accu-
racy is much larger than the value for valence and Rydberg
states, and the method may not be very useful in this situ-
ation. The method does not improve much the potential en-
ergy curves of NH3 near a conical intersection, and due to
the lack of size extensivity the method is not suitable for the
calculation of potential energy surfaces for chemical and pho-
tochemical reactions. This is not surprising since the HOMO
depopulation method is essentially an asymptotic correction
to the KS potential, and this alone cannot solve all the prob-
lems of local and hybrid functionals. In summary, we con-
clude that the HOMO depopulation method is very promising,
and we highly recommended it for spectroscopic calculations
involving both valence and Rydberg states but not for calcula-
tions of long-range charge transfer states or potential energy
surfaces.
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